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Abstract
The goal of this paper is to present a new relationship between the quality criteria for geodetic networks. The quality
criteria described here are fourfold: positional uncertainty of network points, considering both bias and precision (at a given
confidence level); the maximum allowable number of undetected outliers; the level of reliability and its homogeneity for the
observations; and the minimum power of the data snooping test procedure for multiple alternative hypotheses. The highlights
consist of the use of advanced concepts, such as reliability measures for multiple outliers and the power of the test for
multiple alternative hypotheses (instead of the single outlier and/or the single alternative hypothesis case); and a sequential
computational procedure, wherein the quality criteria are mathematically related, instead of being treated as separate criteria.
Its practical application is demonstrated numerically in the design of a real horizontal network. A satisfactory performance
was achieved by means of simulations. Furthermore, Monte Carlo experiments were conducted to verify the power of the test
and the positional uncertainty following the approach proposed. Results provide empirical evidence that the quality criteria
present realistic outputs.

Keywords Quality criteria · Geodetic networks design · Positional uncertainty · Multiple outliers · Power of the test · Data
snooping · Multiple alternative hypotheses

1 Introduction

Many approaches for designing geodetic networks have been
developed and investigated since the pioneering work of
Helmert (1868). In his seminal work, Grafarend (1974) cat-
egorized such problems into four groups:
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– Zero-order design (ZOD): choosing an optimal reference
system (datum);

– First-order design (FOD): choosing an optimal geomet-
rical configuration for the network;

– Second-order design (SOD): choosing optimal weights
for observations; and

– Third-order design (TOD): improving an existing net-
work.

Additionally, there are combined design (COMD) problems,
which appear when optimizing FOD and SOD simultane-
ously (Vanícek and Krakiwsky 1986).

Regardless of the category, the design of geodetic net-
works can be framed as an optimization problem. One seeks
to maximize or minimize pre-established quality criteria,
such as precision, reliability, and cost. In general, preci-
sion and reliability have been treated as separate criteria.
The former is related to random errors and modelled via lin-
ear propagation of covariance matrices. The latter is related
to the identification of outliers, as considered when apply-
ing the data snooping (DS) testing procedure (Baarda 1968;
Grafarend and Sanso 1985).

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s00190-018-1181-8&domain=pdf
http://orcid.org/0000-0003-4296-592X


530 I. Klein et al.

However, the positional uncertainties of the network
points involve a mixture of all types of errors (Ghilani 2010),
often being difficult to distinguish between them. Therefore,
a combined criterion for positional uncertainty considering
both the effects of random errors and (possibly) undetected
outliers should also be of interest.

The highly popular DS statistical procedure is associated
with a power, which is its success rate in the identification
of outliers (Hekimoglu 1997). Although the estimation of
the power of the test in DS is an open research subject, its
value is usually set arbitrarily in conventional designmethods
(Grafarend and Sanso 1985; Kuang 1991; Even-Tzur 2002;
Yetkin and Berber 2012).

Additional design criteria can be found in the literature.
For example, Seemkooei andSharifi (2004) advise that obser-
vations must be equivalent from an accuracy and reliability
point of view. Vanícek et al. (1990) state that a network is
only as robust as its weakest link. Considering the aspects
above, a criterion related to the “homogeneity” of the obser-
vations should also be taken into account in the design of
networks.

Therefore, novel quality criteria involving multiple com-
ponents—such as positional uncertainty relating bias and
precision, minimum power of the test and the homogeneity
of the observations—are proposed here.

Regarding computational aspects of geodetic network
design, solutions were initially obtained by trial and error
or via heuristics (Pelzer 1980; Grafarend and Sanso 1985),
and later being obtained by analytical approaches (Schaf-
frin 1981; Kuang 1991, 1996). Some disadvantages of these
strategies are mentioned in Yetkin et al. (2008). Meta-
heuristic solutions, combining the benefits of trial-and-error
and analytical approaches, have also been developed. They
have been applied, considering, for example, the logistic
(costs) of network surveying (Dare and Saleh 2000), relia-
bility (Yetkin 2013) or precision criteria (Berné and Baselga
2004; Coulot et al. 2010; Baselga 2011; Singh et al. 2016).

Yet another possible solution method is by means of
numerical simulations, as already applied, e.g., in weight
estimation for satellite geodesy (Kusche 2002) and test statis-
tics for outlier detection (Lehmann 2012). Yetkin and Berber
(2012) applied this method in the field of geodetic network
design considering only a single criterion. Here, we inves-
tigate the application of numerical simulations in multiple
quality criteria.

More recent developments ongeodetic networkdesign can
be found in Seemkooei et al. (2012), Kotsakis (2013), Xue
et al. (2014), Song et al. (2016) andAlizadeh-Khameneh et al.
(2017). Although this topic is widely investigated, there are
open issues in quality criteria that require further research.
Examples are the presence of multiple outliers in the obser-
vations (Knight et al. 2010; Lehmann and Lösler 2016) and

the performance of DS for multiple alternative hypotheses
(Yang et al. 2013).

The reliability criteria in geodetic network design are
related, in general, to a single outlier case and/or a single
alternative hypothesis for DS (Grafarend and Sanso 1985;
Kuang 1991; Seemkooei 2001b; Yetkin and Berber 2012).
However, geodetic observations can contain more than one
outlier, especially for large networks. In this case, theDS pro-
cedure is applied iteratively (Berber and Hekimoglu 2003).
Such multiplicity aspects are usually neglected in the design
stage.

Within the context above, the goal of this paper is to
present a new relationship between the quality criteria for
geodetic networks. The quality criteria described here are
fourfold: the positional uncertainty of network points, con-
sidering both bias and precision (at a given confidence level);
the maximum allowable number of undetected outliers; the
level of reliability and its homogeneity for the observations;
and theminimumpower of theDS procedure test formultiple
alternative hypotheses.

The highlights of our work consist of the use of advanced
concepts, such as reliability measures for multiple outliers
and the power of the test for multiple alternative hypothe-
ses (instead of the single outlier and/or the single alternative
hypothesis case); and a sequential computation procedure,
where the quality criteria are mathematically related, which
cannot be treated separately.

To achieve these goals, the rest of the paper is organized as
follows. Section 2 contains a brief background on the theory
within our scope. In Sect. 3, the new relationship between
quality criteria for geodetic networks is presented. An exam-
ple describing the design of a real horizontal network is
provided in Sect. 4. Finally, Sect. 5 summarizes the conclu-
sions and providing recommendations for future research.

2 Preliminary concepts

The theoretical foundations of our quality criteria are divided
into three main topics: geodetic network models and opti-
mization; data snooping procedure and its probability levels;
and measures of reliability and uncertainty for geodetic net-
works. Further details can be found in the corresponding
references.

Alternative solutions for geodetic networks models are
outside the scope of this paper. This includes the total least
squares when the elements of the functional model are
derived from measurements and robust estimation methods.

2.1 Geodetic networkmodels and optimization

A geodetic network consists of a set of points located on the
Earth’s surface or near it. Their spatial positions are related to
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a reference system. The coordinates are derived from terres-
trial or orbital observations, including angles and distances
between points, as well as space-based geodetic techniques,
such as Global Navigation Satellite Systems (GNSS).

The overall development of a geodetic network consists
of the design stage (or pre-analysis); the field campaign (data
acquisition); data processing for solving the spatial positions
of network points; and the quality control of results. As field
measurements always contain errors, the geodesist manages
redundant observations to increase the accuracy, while being
able to check for blunders (Teunissen 2006).

The mathematical model generally adopted for geodetic
networks is the linear(ised) Gauss–Markov model, given by:

v = Ax − l, (1)

where v is the vector of residuals, A is the design (or Jaco-
bian) matrix, x is the m × 1 vector of unknowns (network
point coordinates), and l is the n×1 vector of reduced obser-
vations (actual observations minus approximate predictions,
also known as misclosures or pre-fit residuals).

In geodesy, the most employed solution for a redundant
system of equations (n > m) is the weighted least squares
estimator (WLSE) for the vector of unknowns.

x̂ = (ATW A)−1ATWl, (2)

whereW is theweightmatrix, usually taken asW = σ 2
0 Σ−1

l ,
σ 2
0 being the “a priori” variance factor, and Σl being the

covariance matrix of observations (Ghilani 2010). Apply-
ing the variance-covariance propagation law, the covariance
matrix of estimated unknowns is given by:

Σx̂ = σ 2
0 (ATW A)−1 (3)

The elements of Σx̂ are the subject of a study on covari-
ance analysis, revealing the quality of the estimated network
point coordinates. TheWLSE is the best linear unbiased esti-
mator for the unknowns, assuming that the observations are
contaminated only by random errors. The WLSE also coin-
cideswith themaximum likelihood estimatorwhen the vector
of observations follows a multivariate normal distribution
(Teunissen 2003).

Within the WLSE context, the principle of the geodetic
network design, as pointed out by B. Schaffrin in Grafarend
and Sanso (1985), is to solve a multi-purpose optimization
problem of the type:

cp ·(precision)+cr ·(reliabili t y)+cc ·(costs)−1 = max,

(4)

for suitably chosen weight coefficients cp; cr and cc. If
only one criterion exists (e.g., only precision, with cr =

cc = 0), it is called a single-objective optimization model
(SOOM). Otherwise, it is a multi-objective optimization
model (MOOM) (Kuang 1991).

Optimization methods, in general, search to solve SOOM
or MOOM problems by means of changes in the elements
of matrices A and/or W (Grafarend and Sanso 1985; Kuang
1996). Despite the solution approach (trial and error; analyt-
ical or meta-heuristic), the quality criteria can be optimized
simultaneously (Xu 1989; Kuang 1991, 1996; Eshagh and
Alizadeh-Khameneh 2015), or with one or more criteria con-
strained or neglected (Kuang 1993; Eshagh and Kiamehr
2007; Bagherbandi et al. 2009).

However, as demonstrated in Sect. 3, here the quality cri-
teria are solved sequentially, being mathematically related.
The fact that the optimized criteria are not only the functions
of improvements in matrices A and/or W , but also functions
of themselves, is one of the new aspects of the approach pro-
posed here.

2.2 Data snooping testing procedure

Despite the optimal properties of WLSE and LSE, they lack
the robustness or insensitivity to outliers in the observations
(Huber 1964; Rousseeuw and Leroy 1987). Therefore, qual-
ity control procedures for the detection and identification of
outliers have been developed.

In the pioneering work of Baarda (1968), data snoop-
ing (DS) was introduced. DS remains the best-established
method for identifying outliers in geodetic data analysis
(Lehmann 2012). Here, we follow Lehmann (2013), who
stated that, in geodesy, “outliers are most often caused by
gross errors and gross errors most often cause outliers.”

DS is initially formulated by the following statistical
hypotheses (Baarda 1968; Teunissen 2006):

H0 :E{l} = Ax versus

HA :E{l} = Ax + ci∇i ,
(5)

where ci is the n × 1 unit vector with 1 in its i th entry and
zeros in the remaining (e.g., ci = [0, . . . , 0, 1, 0, . . . , 0]T ),
while ∇i is a scalar value, with the (possible) gross error at
i th observation being tested. Therefore, in the null hypothesis
(H0), it is assumed that there are no outliers in the observa-
tions, while in the alternative hypothesis (HA), it is assumed
that the i th observation being tested (for i = 1, 2, . . . , n) is
contaminated by a gross error of size |∇i |.

Under H0, observation errors are zero-mean (multivariate)
normally distributed. The null hypothesis is not accepted if
the following test statistic (wi ) of the i th observation exceeds
a given critical value (|wi | > cα0/2) (Baarda 1968; Teunissen
2006):
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Table 1 Decisions and probability levels related to two alternative hypotheses in data snooping. Adapted from Yang et al. (2013)

Accepted hypothesis Test result

H0 Hi Hj
Decision criterion |wi | ≤ cα0/2, |w j | ≤ cα0/2 |wi | > cα0/2, |wi | > |w j | |w j | > cα0/2, |w j | > |wi |
Unknown reality

H0 is true Correct decision Type-I error Type-I error

Probability associated CL = 1 − α00 α0i α0 j

Hi is true Type-II error Correct decision Type-III error

Probability associated βi0 γi i = 1 − βi i κi j

H j is true Type-II error Type-III error Correct decision

Probability associated β j0 κ j i γ j j = 1 − β j j

The correct decisions appear along the main diagonal

wi = cTi Wv
√

cTi WΣvWci
; (6)

where Σv = Σl − AΣx̂ AT is the covariance matrix of resid-
uals. The critical value cα0/2 follows from a standard normal
distribution at a significance level of α0 in a two-tailed test.
Usually, in geodesy, the value of α0 is fixed between 0.1 and
1% (Baarda 1968).

In reality, DS containsmultiple (n) alternative hypotheses,
as each observation is individually tested. Therefore, the only
observation considered contaminated by gross error is the
one whose test statistic satisfies the following inequalities
(Teunissen 2006):

|wi | > cα0/2; |wi | > |w j | ∀i �= j (7)

After having identified the observation most suspected of
being the outlying one (at a given α0), it is usually excluded
from the model. The WLSE and DS are applied iteratively
until no further outliers are identified in the observations
(Berber and Hekimoglu 2003).

Since the DS is a statistical testing procedure, there are
probability levels associated with it. Here, we define the
probability levels and the occurrence rates for three types
of incorrect decisions.

The significance level (α) is the probability that a non-
outlying observation is misidentified as an outlier (a false
positive or type-I error), while the confidence level (CL)
is the probability that a non-outlying observation remains
unnoticed, suggesting CL = 1 − α. The power of the test
(γ ) is the probability that an outlying observation is correctly
identified as an outlier, while β is the probability that an
outlier is missed (type-II error or false negative), indicating
γ = 1 − β. Finally, the non-centrality parameter (δ), also
known as the location parameter, expresses the separation
between the null and alternative hypotheses. In other words,
it is a translation parameter between themeans of each central
and non-central probability distributions (Leick et al. 2015).

As stated previously, DS contains multiple (n) alterna-
tive hypotheses. Therefore, there is an additional probability
level associated with DS: that a non-outlying observation is
misidentified as an outlier, instead of the actual outlying one
(type-III error, with probability given by κ).

It leads to the concept of separability analysis that was first
introduced in geodesy by Förstner (1983). For two alternative
hypotheses, Hi and Hj , there are two test statistics, wi and
w j , respectively. Test decisions and related probability levels
for two alternative hypotheses are summarized in Table 1.
Note that in these cases, the power of the test becomes γ =
1 − (β + κ).

In Table 1, CL = 1 − α00 is the confidence level of DS
for the two alternative hypotheses, α0i is the significance
level for the test of the i th observation, and α0 j is the signif-
icance level for the test of the j th observation. In addition,
βi0 and κi j are the probabilities of type-II and type-III errors,
respectively, for the i th observation, while β j0 and κ j i are
the probabilities of type-II and type-III errors, respectively,
for the j th observation. Finally, βi i = βi0 +κi j and γi i is the
power of the test for i th observation, while β j j = β j0 + κ j i

and γ j j is the power of the test for j th observation.
Figure 1 shows these relationships for a single test statistic

wi . The probability levels were fixed at CL = 99% and
γ0 = 80%, thus α0 = 1% and β0 = 20%, that to lead to a
non-centrality parameter of δ0 = 3.417 and a critical value
of cα0/2 = 2.576.

Based on the probabilities mentioned above for two alter-
native hypotheses,Yanget al. (2013) presentedbounds for the
confidence level and the power of the test of the DS in a gen-
eralmultiple alternative hypotheses context. Lehmann (2012,
2013) andLehmann andVoß-Böhme (2017) alsomade useful
contributions regarding this testing procedure.

It must be mentioned that DS is a particular case in a gen-
eral family of tests based on the likelihood ratio. It can also
be used for the identification of systematic errors (Teunissen
2006).
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Fig. 1 Probability levels related to testing the hypotheses of data snoop-
ing

In addition to tests to identify outliers, the “overall model
test” (OMT) serves to detect misspecifications in the model
(Baarda 1968; Teunissen 2006). It provides information on
whether one can have sufficient confidence in the assumed
null hypothesis in Eq. (5), without the explicit need to spec-
ify and test any particular alternative hypothesis (Teunissen
2018). The OMT can be applied to specific cases of design
problems, such as deformation monitoring, i.e., to detect
displacements in different epochs as presented, for e.g., in
Even-Tzur (2002) and Alizadeh-Khameneh et al. (2017).

By analysing Fig. 1, it can be concluded that the power
of the test γ0 increases with the non-centrality parameter δ.
Furthermore, γ0 decreases with the significance level α0 for
a given value of δ0. Values for δ0 as a function of α0 and
γ0 can be obtained by means of graph interpolations in the
monograms provided by Baarda (1968).

Alternatively, Aydin and Demirel (2004) presented a
numerical procedure to obtain the same through approxi-
mations of the cumulative distribution function of the non-
central Chi-squared distribution. The procedure of obtaining
the non-centrality parameter as a function of the significance
level, power of the test, and degrees of freedom iswidespread
in geodesy (Baarda 1968; Kavouras 1982; Teunissen 2006).

It is important to mention that there are other types of
model misspecification tests besides the tests for outliers,
such as testing for extensions of the functional model; for
overlapping variance components or for the non-normality
of observational errors, among others (Kargoll 2007). The
actual state-of-the-art parameter estimation and model mis-
specifications in Geodesy are found in the recent work of
Teunissen (2018), where a unifying framework for the rigor-
ous capture of estimation and testing has been presented.

2.3 Measures of reliability and uncertainty for
geodetic networks

The probability levels mentioned above imply that outliers
might continue to remain in the observations after the appli-
cation ofDS. This introduces the concept of reliability, which

is the ability to resist undetected outliers (Knight et al. 2010),
a theory first developed in geodesy by Baarda (1968).

Reliability measures such as (observation) redundancy
numbers and (parameters) external reliability are intrinsi-
cally related to the network geometrical configuration and
observation weights. Such measures are widely used for the
quality analysis of geodetic networks, in the design stage,
as well as for quality control (Kavouras 1982; Kuang 1991,
1996; Seemkooei 2001a, b; Klein et al. 2012; Koch 2015;
Prószyński 2015).

Reliability measures also exist independent of the non-
centrality parameter, that is, the probability levels of the
testing procedure. One of these measures is the reliability
number of the observations (Wang and Chen 1994; Schaffrin
1997). For multiple (q) outliers, the reliability number of an
i th observation is related to its fraction that gets reflected on
the respective residual (vi ), whereas other (q − 1) observa-
tions can also be outliers, which are given by (Knight et al.
2010):

⎧

⎪

⎨

⎪

⎩

rqi = 1
σ 2
0
[cTi Σl ci cTi WΣvWci × (1 − ℘2

ci ,C j
)]

℘ci ,C j =
√

cTi WΣvWC j (CT
j WΣvWC j )

−1CT
j WΣvWci

cTi WΣvWci

, (8)

with the model error given by Cq = [ci ,C j ]. More com-
monly, one is interested in the effect on estimated parameters
(i.e., network point coordinates), instead of the absolute or
relative values of observational errors themselves. Therefore,
external reliability measures were developed to reveal the
effect of undetected outliers on each estimated coordinate.

Reliability measures were first introduced by Baarda
(1968), considering one suspect observation at a time. Reli-
ability measures were extended for the case of multiple
(simultaneous) outliers, as shown in Förstner (1987), Ober
(1996) and Knight et al. (2010).

In addition to the effects of undetected bias in the obser-
vations, there are the effects of the real (total) observational
errors. This leads to the concept of accuracy or uncertainty
of the network points.

According to Baarda (1977), the accuracy of geodetic net-
works is addressed in two ways. The first is the precision of
the network points, as expressed by elements of the covari-
ance matrix Σx̂ . The second is related to the reliability, i.e.,
the accurate detection and identification of systematic and/or
gross errors in observations. According to Vanícek et al.
(1996), the total positional error involves both, precision,
related only to random errors, and a potential bias compo-
nent, related to systematic and/or gross errors. BIPM et al.
(2008) states that accuracy includes error components arising
from systematic effects, as well as random effects. However,
it is not a quantity that is provided a numerical value. Some-
times, the term is only related to systematic effects (Ghilani
2010).
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Semi-Major Axis ( ) 

Biased Positional Estimate 

Positional 
Uncertainty ( ) 

Bias Vector ( ) 

Confidence 
Ellipse 

Unbiased 
Positional 
Estimate 

Fig. 2 Measures of uncertainty, bias and precision for a single point in
a two-dimensional network. Adapted from Vanícek et al. (1996)

Therefore, it is important to acknowledge that are various
connotations of “accuracy” in the literature. We avoid this
issue, in accordance with BIPM et al. (2008), adopting the
term “uncertainty,” which may include components arising
from systematic effects (either in entirety when uncorrected
or only in the correction imperfections). These concepts are
illustrated in Fig. 2 for a single point in a two-dimensional
(2D) network.

The bias component in Fig. 2 can be determined in the field
of reliability theory bymeans of external reliabilitymeasures.
Parameter biases caused by systematic errors in the observa-
tions (Teunissen 2006; Monico et al. 2009) are outside the
scope of this study.

The precision component can be determined in the frame-
work of covariance analysis. It is a function of the confidence
ellipse or ellipsoid (for 2D or 3D networks, respectively)
derived from a sub-matrix of Σx̂ (of size 2 × 2 or 3 × 3)
corresponding to given network point coordinates. The semi-
major axis of the ellipse or ellipsoid represents the direction
of maximum variance or dispersion. Its length is equal to the
square root of the largest covariance eigenvalue, multiplied
by an expansion factor at a given confidence level (e.g., 99%).
For 1D networks, such as in levelling, the precision is simply
the expanded standard error at each point.

In that case, uncertainty (u) is the maximum potential
error, i.e., the vector addition between b and σ , as illustrated
in Fig. 2. When the bias component is absent, i.e., when
there are only random errors in observations, the uncertainty
degenerates into precision. In general, it is desirable to limit
b � σ and σ to as low as possible.

3 New relationship between the quality
criteria

Based on the discussions above, we now present a novel
approach for the quality criteria of geodetic networks. We

describe the quality criteria followed by its mathematical
relationship.

3.1 Proposal of quality criteria for geodetic
networks

Under the present approach, the quality criteria considered
in the design stage are fourfold:

1. Maximum positional uncertainty of each network point
(umax = b± σ ), considering both precision (σ ) and bias
(b) components, at a given confidence level (CL = 1 −
α0);

2. Maximum allowable number of undetected outliers
(qmax);

3. Minimum level of reliability (rmin) and its homogeneity
(
rmin) among the observations;

4. Minimum power of the test of the DS procedure for mul-
tiple alternative hypotheses (γmin).

The first criterion considers the effect of both, random and
non-randomobservational errors. For example, the positional
uncertainty of network points can be specified as umax =
10 cm (at 99% confidence level), leading to �u p� ≤ umax,
when the ceiling function is evaluated across all the pth net-
work points.

The second criterion is the maximum allowable number
of undetected outliers (qmax). It is defined such that the spec-
ified positional uncertainty (umax) is guaranteed, even with
outliers left in the observations. In other words, qmax is the
number of outliers that the geodetic network must resist to
be considered reliable (Knight et al. 2010). This value can
be specified as, for example, q = 1%n or q = 5%n, given
the total number of observations (n) (Klein 2014). One can
set qmax = 1 for networks of low redundancy.

In the third criterion, we consider the reliability numbers
of the observations for multiple (simultaneous) outliers (rqi ).
For example, the minimum level of reliability of the observa-
tions can be specified as rmin = 0.5, leading to 	rqi 
 ≥ rmin,
when the floor function is evaluated across all observations.

Furthermore, a network is only as robust as itsweakest link
(Vanícek et al. 1990). Therefore, we additionally consider the
level of homogeneity of reliability (
rmin). It is the desired
maximum difference between the largest and smallest val-
ues for rmin, considering all the network observations. It can
be specified as, for example, 
rmin = 0.20. The search for
homogeneous redundancy (or reliability) in all the observa-
tions is also mentioned in Seemkooei (2004) and Seemkooei
and Sharifi (2004).

Finally, the minimum power of the test of the DS pro-
cedure for multiple alternative hypotheses is equivalent to
the success rate, considering the probabilities of type-II and
type-III errors for all network observations (Yang et al. 2013;
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Klein et al. 2015). For example, its threshold value can be
specified as γmin = 0.70. In this case, if there is one outlier,
it must be correctly identified in at least 70% of the cases.

Note that we cannot control the real positional errors of
the network points. Instead, we can only specify the bound
values corresponding to the desired probability levels. It is
also important to note that both the number and the size of the
outliers affect the positional uncertainties of network points.
For example, two undetected outliers of largemagnitudemay
have greater influence than four undetected outliers of small
magnitude. Therefore, it is important a relationship between
umax and qmax, as will be demonstrated in Sect. 3.2.

If desired, one or more criteria can be neglected, depend-
ing on the purposes of the network. For example, if the
homogeneity of the observations is not of interest, then it
can be stipulated that 
rmin = 1.

There are four main differences between the quality crite-
ria here and other quality criteria for geodetic network design
found in the literature.

1. The use of reliability measures for multiple outliers;
2. The power of the test of DS regardingmultiple alternative

hypotheses;
3. Consideration for the positional bias in conjunction with

the effects of random errors in a total positional uncer-
tainty at a given confidence level;

4. The sequential computation procedure, that mathemati-
cally relates the quality criteria, as described in the next
section.

3.2 Justification for the proposed quality criteria

The first criterion considers the maximum positional uncer-
tainty of network points. The positional uncertainty is a
well-known research topic for geodetic networks, as in the
works of Seemkooei (2001b), Bagherbandi et al. (2009),
Seemkooei et al. (2012) and Song et al. (2016). In our
research, the novelty is that we combine the random effects
and bias into a single criterion, as exemplified in Fig. 2 and
in the relationship: umax = b ± σ .

The second criterion is the maximum allowable number
of undetected outliers. It is also a topic of intense research on
the quality control of geodetic networks, as in the investiga-
tions of Knight et al. (2010), Lehmann and Lösler (2016) and
Klein et al. (2017). However, here, we consider the number
of undetected outliers for designing stage in order to obtain
more consistent results on the quality of the network. This
follows from the conclusions of Knight et al. (2010): “if a
network is designed to be reliable against one outlier, but the
actual network contains more, then there is a potential for
the network to be significantly less reliable than what it is
believed to be. Hence, this may lead to distortions existing
in networks that are considered reliable.”

The third criterion involves two concepts: reliability and
homogeneity. Both concepts are widely applied in the qual-
ity analysis of geodetic networks, as in Kuang (1991, 1993),
Seemkooei (2001a, b, 2004), Seemkooei and Sharifi (2004),
Seemkooei et al. (2012) andYetkin (2013). The novelty in our
research in this regard is that the reliability numbers are con-
sidered in a scenario which involves multiple (simultaneous)
outliers, following again the already mentioned conclusion
of Knight et al. (2010).

The fourth criterion is related to the power of the test of
the DS. The power of the test is also widely investigated
in the analysis of geodetic networks, as in Vanícek et al.
(1990), Kuang (1991) and Even-Tzur (2002). However, in
our researchwe use the recent approach of Yang et al. (2013),
which considers the power of the test not only for a single
alternative hypothesis, but for multiple alternative hypothe-
ses, as in Table 1.

It is important to note that the approach described here
is formulated in a general way. Depending on the pur-
pose of the geodetic network, one or more criteria may be
neglected, similar to single-objective optimization models
(SOOM) or bi-objective optimization models (BOOM) that
can be derived from a multi-objective optimization model
(MOOM), as described in Alizadeh-Khameneh et al. (2015).

3.3 Mathematical relationship between the quality
criteria

After specifying the quality criteria, the next task is to carry
out the computational procedure.

We begin by defining the preliminary design matrix (A)
and weight matrix of the observations (W = σ 2

0 Σ−1
l ),

according to sight possibilities, instrument precision, mea-
surement techniques, and field conditions (Grafarend and
Sanso 1985).

After stipulating the preliminary designmatrix andweight
matrix, the first criterion to be analysed is the minimum level
of reliability (rmin), followed by its homogeneity (
rmin)
among theobservations.As the reliability number rqi involves
q outliers, there are

(n−1
q−1

)

reliability numbers for each obser-

vation. Therefore, the smallest value for rqi among its n ·(n−1
q−1

)

values, 	rqi 
, must be greater than or equal to rmin (for
q = qmax). In addition, the biggest difference between its
smaller reliability numbers, among the

(n−1
q−1

)

values for each
observation, must be smaller than or equal to 
rmin.

If these conditions are fulfilled, the optimization proceeds
to the next step. Otherwise, the geodetic network must be
improved by inserting additional observations and/or control
points, or by increasing the weight of observations (Gra-
farend and Sanso 1985; Kuang 1996).

Step 3 starts with the component of precision (σ ) involved
in the specified positional uncertainty (umax = b±σ ). Here,
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this random component is estimated by (Leick et al. 2015),
pp. 52–54:

�s� = ±√

d · Fd,n−m,α0 · �sp�, (9)

where d is the spatial dimension of the geodetic network (d =
1, 2 or 3), Fd,n−m,α0 is the critical value in F distribution,
with d degrees of freedom in the numerator, n − m degrees
of freedom in the denominator, and a significance level of
α0 = 1 − CL . The variable �sp� depends on the spatial
dimension of the network. For d = 1 (1D networks), it is
the largest standard deviation of the unknowns, while for
d = 2 (2D networks), it is the largest semi-major axis of the
standard error ellipses, and for d = 3 (3D networks), it is the
largest semi-major axis of the standard error ellipsoids. These
values of sp are obtained for each pth point as a function of
the sub-matrices of the covariance matrix Σx̂ .

When the precision is set, Step 3 ends getting the bias com-
ponent (b). According to Fig. 2, a vector addition involving
σ and b is in order. If it is desired to avoid extra computa-
tional efforts, one can consider only the worst case, when
the directions of b and σ are co-parallel and oriented along
a coordinate axis.

Therefore, for each unknown point coordinate, the allow-
able size of thepositional bias, in order tomaintain thedesired
positional uncertainty, is given by:

	b
 = �u� − �σ�, (10)

where the largest total positional uncertainty will be assumed
to be equal to its maximum value specified: �u� = umax, and
�σ� = �s�. This relationship is new compared to the con-
ventional approaches that derive the bias component from
reliability or robustness measures (Baarda 1968; Kavouras
1982; Vanícek et al. 1990; Berber 2006; Knight et al. 2010),
thus lacking a direct relationship with the precision of net-
work points. Furthermore, the bias in Eq. (10) is independent
of a preset value for the non-centrality parameter (λ0).

After the allowable positional bias has been determined,
the corresponding non-centrality parameter (λ0) is obtained
in Step 4. It is defined such that λ0 will lead to the power of
the test of DS, generating the bias value (	b
). It is obtained
in terms of the external reliability measures, considering the
maximum allowable number of undetected outliers (qmax).
It can be formulated using a generalized eigenvalue problem
for each kth coordinate (Knight et al. 2010):

(

λ0kσ
2
0

(

CT
q WQvWCq

)−1
CT
q HT cTxk cxk HCq

)

υk

= Λkυk, (11)

whereQv is the cofactormatrix of residuals,H = (ATW A)−1

ATW is the hat matrix and cxk is an m × 1 unit vector,

γ0

λ0

CL = 0.99 

CL = 0.95 

CL = 0.90 

CL = 0.80 

CL = 0.50 

Fig. 3 Values for λ0 as function of γ0 and CL (q = 1)

with 1 as its kth entry (relative to kth element of the vec-
tor of unknowns). The matrix Cq has dimension n × q (with
q = qmax), defining the combination of q outliers considered
in l. The resulting eigenvalues and eigenvectors are Λk and
υk , respectively.

In the conventional approach, the maximum effect of
q undetected outliers on the kth element in the vector of
unknowns (estimated coordinates) equals to the square root
of the largest eigenvalue �Λk� in Eq. (11), considering a pre-
established value forλ0 (Ober 1996;Knight et al. 2010;Klein
et al. 2012).

However, we propose the inverse procedure: to find the
value of 	λ0
 such that �Λk� = �b�2. As the relationship
between the non-centrality parameter and the eigenvalues in
Eq. (11) is linear, the inverse is found simply by using a scale
factor. For example, we can start with an arbitrary value such
as λ∗

0 = 15, subsequently obtaining �Λ∗� by means of Eq.
(11) from which the scale reads s∗ = λ∗

0/�Λ∗�. Finally, the
desired non-centrality parameter reads 	λ0k
 = �Λk� · s∗.

The advantage of this procedure is to avoid the estimation
of 	λ0k
directly as a functionof the eigenvalue �Λk� = �b�2,
which may require longer processing time. The procedure
must be repeated for each kth unknown coordinate, while
retaining only the smallest value among its m · (n

q

)

results:
	λ0
 = 	λ0k
.

In Step 5, we use 	λ0
 to relate the positional bias (	b
)
to the corresponding power of the test of DS (	γ0
).

Once that the non-centrality parameter is obtained, the
power of the test (γ0) in DS can be derived from the value
of 	λ0
, the degrees of freedom (q = 1), and the predefined
significance level (α0 = 1−CL), following the approach of
Aydin and Demirel (2004).

For a better understanding of the mathematical relation-
ship between CL , γ0 and λ0, Fig. 3 shows the behaviour of
λ0 as function of CL and γ0 (for a fixed value of q = 1).

By analysing Fig. 3, it can be concluded that the higher
the CL and/or γ0 is, the greater the increase in the value of
λ0 is, especially when CL > 0.9 and/or γ0 > 0.9.

If the power of the test of DS (for a single alternative
hypothesis) is higher than the specified minimum power of

123



A new relationship between the quality criteria for geodetic networks 537

the test (for multiple alternative hypotheses), i.e., 	γ0
 >

γmin, the optimization proceeds to the next step. Otherwise,
the geodetic network must be improved, while restarting the
optimization from Step 3. This is because all subsequent ele-
ments are related (	b
, 	λ0
, etc.). It is important to note that
the model error in Eq. (11) can be formulated by considering
the outliers and/or systematic errors (Teunissen 2006).

We start Step 6 by computing the correlation coefficients
between DS test statistics for the two observations, i and j
(Förstner 1983) as:

ρi j = cTi WΣvWcj
√

cTi WΣvWci
√

cTj WΣvWcj
, − 1 ≤ ρi j ≤ 1

(12)

Given the correlation coefficients, a new non-centrality
parameter (δ0i j ) must be determined for each pair of obser-
vations i and j (Yang et al. 2013). It can be determined
iteratively until the condition γ0i j = 	γ0
 is satisfied (Klein
et al. 2015), where (Yang et al. 2013):

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

f (wi , w j ) = 1

2π
√

1−ρ2
i j

e−pi j

pi j = (wi−δ0i j )
2−2ρi j (wi−δ0i j )(w j−ρi j δ0i j )+(w j−ρi j δ0i j )

2

2(1−ρ2
i j )

γ0i j = ∫∫

|wi |>cα0/2,|wi |>|w j | f (wi , w j ) dwi dw j

(13)

Note that the non-centrality parameter in the non-central
Chi-squared distribution, with one degree of freedom, is
equal to the square of the non-centrality parameter in the non-
central standard normal distribution, λ0 = δ20i j . The iterative
search procedure must start with an initial approximation
for δ0i j that is slightly lower than |√	λ0
|, with only small
increments in the value of δ0i j (only up to the third or fourth
decimal place, depending on the size of ρi j ). This procedure
ensures an error of less than 0.001 when approximating Eq.
(13) numerically.

A faster computation can be obtained by considering a
fixed value of cα0/2, such as cα0/2 = 2.576 (for α0 = 0.01).
Therefore, the values for δ0i j can be obtained as function of
γ0 and ρi j , as shown in Fig. 4.

Upon analysing Fig. 4, it can be concluded that the higher
the γ0 and/or ρi j is, the greater the increase in the value of
δ0i j is, especially when γ0 > 0.65 and/or ρi j > 0.95. This
kind of analysis can define some strategies for the design
stage, such as achieving correlation coefficients ρi j < 0.7
for a desired power of the test of γ0 = 0.8.

In Step 7, after the values of δ0i j are determined for each
pair of observations (keeping the power of the test fixed,
	γ0
), the probabilities of type-II (β0i ) and type-III (κi j )
errors are respectively given by Förstner (1983) as:

Fig. 4 Values for δ0i j as a function of γ0 and ρi j (α0 = 0.01)

βi0 =
∫∫

|wi |≤cα0/2,|w j |≤cα0/2

fi j dwi dw j (14)

κi j =
∫∫

|w j |>cα0/2,|w j |>|wi |
fi j dwi dw j (15)

Finally, in Step 8 we calculate the smallest power of the test
of DS for each i th observation, considering the test statistics
of the (n − 1) other observations (Yang et al. 2013):

γi i = 1 −
⎛

⎝β
′′
i0 +

n
∑

j=1, j �=i

κi j

⎞

⎠ , (16)

where β ′′
i0 is the value for βi0 corresponding to the largest ρi j .

Therefore, the smallest power of the test of the DS is equal to
that for a single observation, i.e., 	γ̂ 
 = 	γi i
. If this value
is greater than or equal to the specified minimum value (i.e.,
if 	γ̂ 
 ≥ γmin), the computational procedure is complete.
Otherwise, the geodetic network must be improved, while
restarting the optimization from Step 3.

Figure 5 exemplifies an algorithm for horizontal networks,
considering three strategies for improving the network, in
increasing order of cost: repeat the measured observations
(E1), add new sights (E2), and change the instrument’s preci-
sion (E3). These improvement strategies change the elements
of the weight matrix or the design matrix, being a COMD
problem. It is important to note that there are other kinds
of geodetic networks, such as GNSS or levelling networks,
as well as other strategies of improving the network. The
approach described here is developed in a general way for
any kind of geodetic network or improvement strategy.

Finally, it is also important to mention that the approach
presented here can be adapted or extended for specific appli-
cations, as necessary. For example, if it is desired to include
theOMT in the procedure, this can be done by setting a signif-
icance level α00 for the overall model test (e.g., α00 = 0.05).
Then, after 	λ0
 is obtained,wefind the corresponding power
of the test for the OMT: γ̂00 = f (	λ0
, α00, q = n − m). If
γ̂00 ≥ γmin, then proceed to the computation of theminimum
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Fig. 5 Potential flowchart for horizontal network design

power of the test of DS for multiple alternative hypotheses
(	γ̂ 
). Otherwise, the network must be improved.

3.4 General considerations about the new
relationship between the quality criteria for
geodetic networks

The sequential approachpresentedhere is an alternative to the
conventional network design methods, where quality criteria
such as precision, reliability and costs are optimized simul-
taneously, or with one or more criteria being constrained
or neglected (Xu 1989; Kuang 1991, 1993, 1996; Eshagh
and Kiamehr 2007; Bagherbandi et al. 2009; Alizadeh-
Khameneh et al. 2015; Eshagh and Alizadeh-Khameneh
2015).

In the mathematical relationship described above, con-
cepts such as precision and reliability are intrinsically related.
For example, precision and reliability are considered in a
single quality criterion (umax), while reliability and homo-
geneity are presented in rmin and 
rmin, with reliability and
separability presented in another single criterion (γmin). The

use of separability analysis in a quality criterion is a novelty
in the field of geodetic network design.

Another new aspect is the use of measures for multiple
outliers and the power of the test for multiple alternative
hypotheses, instead of the single outlier case and/or a single
alternative hypothesis for DS, as considered inGrafarend and
Sanso (1985), Kuang (1991), Seemkooei (2001a, b, 2004),
Yetkin and Berber (2012) and Yetkin (2013).

Furthermore, the reliability criterion in conventional net-
work design methods yields better results than other criteria
(Eshagh and Kiamehr 2007; Alizadeh-Khameneh et al.
2015). Here, the concept of reliability is presented in all the
quality criteria: umax; qmax; rmin; 
rmin and γmin. Therefore,
the concept of reliability is reflected on the bias component,
reliability measures for multiple outliers, and the power of
the test for multiple alternative hypotheses, instead of being
restricted to the reliability measure for a single outlier in a
single alternative hypothesis case.

Moreover, the computation is carried out sequentially,
intrinsically relating all the quality criteria. For example,
changing theprecisionmeasuremodifies theminimumpower
of the test of theDS. Thus, it can be stated that: rmin,
rmin =
f (qmax); b = f (umax, σ ); and γmin = f (qmax, b), which
prevents the application of Eq. 4 in the developed approach.

Thus, the highlights of this section are: concepts such as
precision and reliability may not be neglected or treated as
different quality criteria, as done in SOOM problems, for
example; and, unlike the conventional MOOMproblems, the
quality criteria here are solved sequentially, beingmathemat-
ically related.

4 Numerical example: design of a real
horizontal network

In order to demonstrate the application of our quality cri-
teria, in this section, we apply it to an actual horizontal
network design in an urban area. The goal here is to illustrate
in practice the approach developed. Further considerations
regarding horizontal networks are outside the scope of this
study.

We considered a horizontal network with two control sta-
tions (derived from GNSS relative positioning) and eighteen
unknown stations, as shown in Fig. 6. The control stations
are fixed, with their locations selected as a function of the
field conditions for GNSS positioning in the urban area. The
locations of unknown stations are selected as a function of
the intervisibility between stations and surveying conditions.

Three options were considered for the equipment (total
stations): with a nominal angular standard deviation of ± 7′′
(EQ1),± 5′′(EQ2) and± 2′′ (EQ3). The nominal linear stan-
dard deviation is± (2mm+2 ppm) for all of them. The sight
of each station to the other consists of a set of readings in
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Fig. 6 First observation plan for the network. Adapted from Google
Earth

Table 2 Desired criteria for the horizontal network design

Criterion Value Main reasons

umax 7 cm CL = 0.99 and q = 2

qmax 2 n < 250

rmin 0.35 rq=2
i values


rmin 0.25 Diversified stochastic model

γmin 0.85 Within range of usual values

both, direct and reverse modes, in order to reduce instrumen-
tal errors (Ghilani 2010). Therefore, the example described
here retained the challenges of a real (urban) network.

Based on the developed approach, at the end of design
stage, the horizontal network must meet the criteria in Table
2.

The choice for the values specified in Table 2 was based
on some assumptions: the desired standard uncertainties of
network points is approximately± 2 cm.Considering that the
rooted term in Eq. (9) converges to 3, increasing the degree
of freedom for α0 = 1 − CL = 0.01 (see Tables presented
in Ghilani 2010) and the effect of up to qmax = 2 undetected
outliers, a conservative value for the horizontal uncertainty
was determined as umax = 7 cm.

As the network contains a total of nineteen stations,
considering that each station point measured at least two dis-
tances and one horizontal angle, the number of observations
will be less than 200 (n < 200). Therefore, for a signifi-
cance level of α0 = 0.01 (1%), the reasonable number of
undetected outliers must be qmax = 2.

Moreover, considering the number of station points, the
mean reliability number of the observations will be close
to ri = (n − m)/n = 0.55. Therefore, a reasonable value

Fig. 7 Best observation plan for the network. Adapted from Google
Earth

for rmin can be stipulated, for example, as rmin = 0.45 or
rmin = 0.40. Since the reliability number of the observations
decreases with the number of considered outliers, the mini-
mum level of reliability was determined as rmin = 0.35 for
values of rq=2

i . Moreover, a horizontal network is formed by
observations of different units and variances (angles and dis-
tances), with the number of distances being greater than the
number of angles. Therefore, a rigorous value of
rmin, such
as 
rmin = 0.15 or 
rmin = 0.10, cannot be considered in
practice without high expenses. Considering this, the homo-
geneity of observations was stipulated as 
rmin = 0.25.

Finally, the power of the test of DS was determined as
γmin = 0.85, a value within the range of usual values (Baarda
1968; Kavouras 1982; Aydin and Demirel 2004; Teunissen
2006). It is important to mention that the goal here is to illus-
trate the practical application of the new relationship between
quality criteria for geodetic networks. Further considerations
about the choice of values for the quality criteria are outside
the scope of this example.

By analysing the first observation plan in Fig. 6, it can be
noted that network points are present in at least two distances
and three angles (as backsight station, occupied station, and
forwardsight station). The more expensive potential network
has additional sights (considering a previous field recogni-
tion), with an additional set of readings in both, direct and
reverse modes, for each station (Fig. 7).

The solution of the computational procedure was obtained
by applying the computational numerical simulations in
the flowchart of Fig. 5, considering the following three
COMD improvement strategies: add a set of readings in
both, direct and reverse modes, in each station (E1); add new
sights in each station according to the field conditions (E2);
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Table 3 Results of the design stage by numerical simulations

Criterion Bound Result Decision

rmin ≥ 0.35 0.384 Approved


rmin ≤ 0.25 0.235 Approved

γmin ≥ 0.85 0.91 Approved

Uncertainty Size Network point

�s� 5.1 cm P8

	b
 1.9 cm umax = �s� + 	b
 = 7 cm

Equipment Nominal standard deviations

EQ2 ± 5′′ and ± (2 mm + 2 ppm)

Fig. 8 Final geometrical configuration for the network. Adapted from
Google Earth

and change the nominal angular standard deviation of the
instrument (E3). The results obtained through the numerical
simulations are presented in Table 3.

By analysing the data in Table 3, it can be concluded
that all the desired quality criteria are satisfied in the sec-
ond instrument in order of precision (EQ2), which means,
the cheapest one is not suitable, while the most expensive
is not necessary. The largest semi-major axis belongs to the
point P8, which is further from the control points P0 and P1.

It is important to note that the semi-major axis of the
standard error ellipse at point P8 is �sp� = 1.6 cm, which
is significantly lower than umax = 7 cm. The value of
umax is related to a confidence level of CL = 0.99, with
the bias influence of q = 2 undetected outliers (umax =
�s�+	b
 = 5.1+1.9 cm). Therefore, it cannot be interpreted
as a “standard error” measure of network points. Figure 8
shows the geometrical configuration for the horizontal net-
work obtained at the design stage.

Analysing Figs. 7 and 8, it can be noted that among all ten
potential additional sights, only three are necessary to satisfy
the quality criteria with the second instrument (EQ2), while
the first instrument (EQ1) does not achieve it even with ten
additional sights. Furthermore, there are

(10
1

)+ (10
2

)+ (10
3

) =
166 combinations of additional sights up to three. Selecting
the one that satisfies all the quality criteria at higher reliability
levels and lower cost is not possible by means of a trial-and-
error approach, with human decisions. This shows the role of
computational numerical simulations in the network design
for multiple quality criteria, as already determined by Yetkin
and Berber (2012) for a single criterion.

As demonstrated here, although the criteria inTable 2were
heuristically defined, the computational procedure showed
satisfactory performance without the use of meta-heuristic
algorithms. The choice of a pure numerical simulation
approach is to avoid another variable in this research, that is,
the performance of a meta-heuristic algorithm. It is impor-
tant to mention that the main objective here is to present a
new relationship between quality criteria for geodetic net-
works, which is developed in a general way, thus capable of
being applied for any kind of geodetic networks, while being
obtained by different solution methods.

To summarize the results, it can be stated that the observa-
tions plan presented in Fig. 8, executed with EQ2 will show
positional uncertainties better than umax = 7 cm, consider-
ing random errors and up to qmax = 2 undetected outliers at
a given confidence level ofCL = 0.99. Moreover, the power
of the test of DS procedure is more than γmin = 0.85, within
the context of multiple alternative hypotheses. In addition, it
is noted that �s� > 	b
 (5.1 > 1.9 cm), as desired.

In order to compare the results with the single outlier case,
the maximum allowable number of undetected outliers was
set to one (qmax = 1) and the other quality criteria of Table
2 remained unchanged. Once again, the design stage was
carried out following the flowchart of Fig. 5. The final obser-
vation plan had three additional sights: P4 to P16, P10 to
P15, and P15 to P4, also carried out with EQ2. The newly
obtained values are presented in Table 4.

Analysing Tables 3 and 4, particular attention may be
drawn to the increase of the achieved values for rmin and γmin.
These results were expected because the lower the number of
undetected outliers, the higher the reliability of the network,
as also demonstrated by Knight et al. (2010).

In order to validate the results of the design stage pre-
sented in Table 3, experiments were also conducted with
Monte Carlo simulations. The first step was to evaluate the
estimated power of the test of the DS procedure. Therefore,
the Minimal Detectable Bias (MDB) of observations was
generated through the following expression (Baarda 1968;
Teunissen 2006)
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Table 4 Results of the design stage for one undetected outlier case
(qmax = 1)

Criterion Bound Result Decision

rmin ≥ 0.35 0.62 Approved


rmin ≤ 0.25 0.245 Approved

γmin ≥ 0.85 0.99 Approved

Uncertainty Size Network point

�s� 5 cm P8

	b
 2 cm umax = �s� + 	b
 = 7 cm

Equipment Nominal standard deviations

EQ2 ± 5′′ and ± (2 mm + 2 ppm)

Fig. 9 Number of experiments versus success rate of DS

|∇i | =
√

λ0

cTi Σ−1
y ΣvΣ

−1
y ci

, (17)

where λ0 = 15.33, related to q = 1; α0 = 1 − 0.99 = 0.01
and γ0 = 	γ̂ 
 = 0.91.

A total of 10,000 experiments were performed, where out-
liers of sizes given by Eq. (17) (positives or negatives) were
generated, being added to some of the observations. Ran-
dom errors, based on the multivariate normal distribution,
were generated and added to the remaining observations.
The original or “true” observations were derived from the
initial coordinates of network points. The DS procedure was
applied at a significance level of α0 = 0.01, with the results
presented in Fig. 9.

By analysing Fig. 9, it can be verified that the empir-
ical success rate, which is the power of the test of the
DS, is higher than the estimated value of the design stage
(γ0 = 	γ̂ 
 = 0.91 or 91%), with the convergence being
achieved after approximately 8000 experiments (differences
lower than 0.2%).

Therefore, the lower bound value for the multiple alterna-
tive hypotheses test showed empirical evidence, which was
also verified by Yang et al. (2013) and Klein et al. (2015).

It is important to mention that, unlike the aforementioned
studies, a large number of alternative hypotheses was consid-

Fig. 10 Differences in point coordinates during each simulation

ered here, satisfying the further research suggested by Yang
et al. (2013). Even in a more recent publication (Yang et al.
2017), a small number of alternative hypotheses was consid-
ered in the experiments. Therefore, this numerical example
also verified the performance of the approach provided by
Yang et al. (2013) for real geodetic networks.

Finally, Monte Carlo simulations were performed in order
to verify the positional uncertainties of network points.
Therefore, MDBs for q = 2 (simultaneous) outliers were
generated using the following expression (Knight et al.
2010):

|∇ j
i | = |∇i |

√

1 − ρ2
i j

, (18)

where |∇ j
i | is the size of the MDB for the i th observation,

considering that the j th observation is also an outlier.
A total of 10,000 experiments were performed, with the

outliers of sizes given by Eq. (18) (positives or negatives)
being generated and added to the two observations. Random
errors basedon themultivariate normal distributionwere gen-
erated and added to the remaining observations. The WLSE
was applied by Eq. (2), with the differences between the
estimated coordinates and the reference (initial) coordinates
presented in Fig. 10.

The largest difference in Fig. 10 is �
� = |2.6| cm for
all the 10,000 experiments. Therefore, an uncertainty lower
than umax = 7 cm was verified for all network point coordi-
nates by empirical evidence, along with the use of reliability
measures for multiple outliers in the design stage.

It should be pointed out that 99.87% of the experiments
showed differences lower than 	b
 = 1.9 cm, with the
stipulated confidence level for positional uncertainties being
CL = 0.99 (99%).

Furthermore, these numerical simulations confirm the
conservative definition for the criterion umax, as explained
in Sect. 2.3, with the fulfilled application of the joint char-
acterization of bias and precision, as suggested by Vanícek
et al. (1996).
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The results showed empirical evidences to suggest that
the use of reliability measures for multiple outliers and the
minimum power of the test of the DS for multiple alterna-
tive hypotheses as quality criteria do not present unrealistic
or overestimated outputs. More experiments with horizontal
networks are presented in Guzatto (2017), while experiments
withGNSSnetworks are presented inKlein (2014).However,
further investigations are required for a complete understand-
ing of the described approach, which could be a subject for
future studies.

5 Conclusions

This work presented a new relationship between the quality
criteria for geodetic networks. The approach described here
offers novel aspects, such as the use of reliability measures
for multiple outliers; the consideration of positional bias and
the effects of random errors in conjunction with positional
uncertainty at a given confidence level; the power of the test of
the DS for multiple alternative hypotheses; and a sequential
computational procedure that mathematically relates all the
quality criteria.

Its practical application was demonstrated numerically in
the design of an actual horizontal network.A satisfactory per-
formance was achieved by means of a numerical simulation
solution approach. Furthermore, Monte Carlo simulations
were conducted to verify the power of the test and the posi-
tional uncertainty obtained at the design stage. The results
supported the estimated values, providing empirical evidence
to suggest that the quality criteria do not present unrealistic
or overestimated outputs.

In order to achieve more realistic results, a future research
of how replacing conservative assumptions about unknown
quantities such as positional uncertainties and power of the
test is to be developed.

It is important to mention that there are highlights in this
research that are not found in conventional network design
methods, such as those presented in Grafarend and Sanso
(1985), Kuang (1996) and Seemkooei et al. (2012). Some
of the new aspects are the use of multiple concepts such as
precision and reliability, jointly as a single criterion, and the
sequential computational procedure that prevents the appli-
cation ofEq. (4) as applied in conventional SOOMorMOOM
problems.

New aspects that can be applied in the field of qual-
ity control following the work of Baarda (1968) Teunissen
(2006) are also presented, like associating the bias and preci-
sion components at the same confidence level. Besides that,
instead of being arbitrated, the power of the test is derived as
a function of the number of outliers and the bias component,
which in turn is derived from the precision component.

Being a novel approach based on advanced concepts in
the field of reliability theory and positional uncertainty, as
well as an unconventional computational procedure, where
the quality criteria are solved sequentially, there are many
aspects that require further investigation. The goal here is
to present it and verify its practical performance, as well as
provide some empirical evidences for the results.

Therefore, future studies can consider alternative quality
criteria, such as bias components derived through a robust-
ness analysis (Berber 2006; Yetkin and Berber 2012), the
bias-to-noise ratio of external reliability (Kavouras 1982;
Teunissen 2006) or relative precision measures such as semi-
major axis of relative error ellipses or ellipsoids between
network points. Another issue is the appropriate choice of
significance level (or confidence level), which has a signif-
icant effect on the results of the DS procedure (Lehmann
2012; Lehmann and Voß-Böhme 2017).

Some mathematical relationships at the design stage also
require further investigation to avoid highly expensive net-
works or a large number of computations until a satisfactory
network is achieved. In particular, the quadratic relationship
between the non-centrality parameter and the bias component
requires special attention. Sometimes, the desireduncertainty
or minimum power of the test must be slightly changed to
avoid unrealistic results. The maximum allowable number
of undetected outliers and its relationship to the observation
redundancy and design matrix also deserve further investi-
gation.

Although the use of computational numerical simula-
tions achieved satisfactory results, the computational pro-
cedure can be performed by meta-heuristic algorithms or
analytical methods. Finally, it is also suggested that the S-
transformation should be applied once, since the covariance
matrix of the unknowns depends on the reference system
adopted, as highlighted by Baarda (1973) and Grafarend and
Sanso (1985).
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