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A half-century of Baarda’s concept of reliability:
a review, new perspectives, and applications
Vinicius Francisco Rofatto ∗1,2, M. T. Matsuoka1,2, I. Klein3,4, M. R. Veronez5,
M. L. Bonimani1 and R. Lehmann6

Over the 50 years of its existence, Baarda’s concept of reliability has been used as a standard
practice for the quality control in geodesy and surveying. In this study, we analysed the
pioneering work of Baarda (Publ Geod New Ser 2(4) 1967; Publ Geod New Ser 2(5) 1968) and
recent studies on the subject. We highlighted that the advent of personal computers with
powerful processors has rendered Monte Carlo method as an attractive and cost-effective
approach for quality control purposes. We also provided an overview of the latest advances in
the reliability theory for geodesy, with particular emphasis on Monte Carlo method.
Keywords: Reliability, Outlier, Hypothesis Testing, Quality Control, Minimal Detectable Bias, Minimal Identifiable Bias, Data snooping

Inspiration and motivation
In many geodetic analysis tasks, large sets of observations
are being recorded or sampled. It is nearly impossible that
such datasets are free from outliers. Thus, it is important
to identify outlying observations that may lead to model
misspecification, biased parameter estimation, and incor-
rect results. Among the many definitions found in the lit-
erature on what an outlier is, we follow the statement
given by Lehmann (2013): ‘an outlier is an observation
that is so probably caused by a gross error that it is better
not used or not used as it is’. In geodesy, outliers are most
often caused by gross errors and gross errors most often
cause outliers (Lehmann 2013).
Over the 50 years of its existence, Baarda’s (1967, 1968)

groundbreaking workon outlier testing has been used as a
standard practice for the quality control in geodesy and
surveying. As part of his contribution, he proposed a pro-
cedure based on hypothesis testing for the detection of a
single outlier in linear(ised) models, which he called
data snooping. Most of conventional geodetic studies
have a chapter on Baarda’s data snooping procedure,
e.g. Koch (1999) and Teunissen (2006). Furthermore,
this procedure has become very popular and is routinely
used in adjustment computations (Ghilani 2010).
Although data snooping was introduced as a testing

procedure for use in geodetic networks, it is a generally
applicable method (Lehmann 2012).
Baarda’s data snooping consists of screening each indi-

vidual observation for a possible outlier (Kok 1984, Teu-
nissen 2006). Baarda’s w-test statistic for his data
snooping is given by a normalised least-squares residual.
This test, which is based on a linear mean-shift model, can
also be derived as a particular case of the generalised like-
lihood ratio test (Kok 1984, Koch 1999, Teunissen 2006).
In principle, Baarda’s w-test only makes a decision
between the null H0 and a single alternative hypothesis
Hi. In that case, rejection of H0 automatically implies
acceptance of Hi, and vice versa (Teunissen 2017, Impar-
ato et al. 2018). Therefore, it concerns on outlier detection
and not on outlier identification (Teunissen et al. 2017).
Based on the probability of rejecting a true null hypoth-

esis (type I error – ‘false alarm’, denoted by a) and the
probability of rejecting a true alternative hypothesis
(type II error - ‘missed detection’, denoted by b), Baarda
(1968) also derived the concept of a marginally detectable
outlier (Kok 1984), which is commonly called as the mini-
mal detectable bias (MDB)—the term given by Teunissen
(1989). The MDB of an alternative hypothesis is the smal-
lest outlier that can lead to rejection of a null hypothesis
for a given a and b. Thus, for each alternative hypothesis
Hi, the corresponding MDB can be easily computed. The
set of MDBs describes the internal reliability, whereas
their propagation into the parameters is said to describe
the external reliability (Baarda 1968, Vaniček et al.
2001, Teunissen 2006).
Different from the case of the single alternative hypoth-

esis above, Förstner (1983) developed the separability
analysis between two alternative hypotheses, e.g. Hi and
Hj . In this case, rejection of H0 does not necessarily
imply the correct identification of a particular alternative
hypothesis. Consequently, there is also a probability of
correctly rejecting the null hypothesis but wrongly accept-
ing an alternative hypothesis. This type of wrong decision
is called type III error (Hawkins 1980) or ‘wrong
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exclusion’ (indicated by ‘k’ in this paper). In this respect,
we discuss the identification of an outlier. For identifi-
cation, the correlation coefficient (here, denoted by r)
between Baarda’s w-test should be considered during
the data snooping procedure (Förstner 1983, Wang and
Knight 2012, Yang et al. 2013, Prószyński 2015).
Investigations on outlier identification involve separ-

ability analyses between alternative hypotheses. Generally,
a separability analysis reveals the degree to which the
alternative hypotheses can be distinguished. Van Mierlo’s
(1975, 1979) studies were the first to show the possibility
of describing the separability of alternative hypotheses
on the so-called wrong exclusion in deformation monitor-
ing. The current outlier separability theory is credited to
Yang et al. (2013). They have extended the separability
analysis from two alternative hypotheses (Förstner 1983,
Li 1986) tomultiple alternative hypotheses. Thus, for a sys-
temwith nmeasurements, the null hypothesisH0 should be
tested against all n alternative hypotheses.
Recently, Prószyński (2015) provided supplementation

of the MDB by an outlier identifiability index to each
observation and misidentifiability index as the maximum
probability of wrong exclusion rate. Teunissen et al.
(2017) introduced the concept of minimal identifiable
bias (MIB) as the smallest outlier of an alternative hypoth-
esis that can lead to its identification for agivenprobability.
Imparato et al. (2018) showed that, under multiple testing,
the MIBs should be larger than their MDBs in order to
guarantee a successful outlier identification. There is no
difference between MDB and MIB when only a single
alternative hypothesis is involved (Teunissen et al. 2017,
Imparato et al. 2018). This means that an outlier with a
magnitude of MDB will hardly be identified. In n alterna-
tive hypotheses, therefore, the MDB should increase with
the correlation coefficient (Yang et al. 2013).
With regard to identifiability, Zaminpardaz and Teunis-

sen (2018) presented the data snooping in the context of
the DIA method for the detection, identification and adap-
tation of the mismodelling errors. In this study, the central
role that is played by the partitioning of misclosure space,
both in the formation of the decision probabilities and in
the construction of the DIA estimator. They highlighted
their difference by showing the difference between their cor-
responding contributing factors. They also demonstrated
that the correct detection probabilities of the alternative
hypotheses is not necessarily the sameas that of their correct
identificationprobabilities.And they showed, if twoalterna-
tive hypotheses, sayHi andHj are not distinguishable, that
the testing procedure may have different levels of sensitivity
toHi-biases compared to the same andHj-biases.
The articles quoted above, i.e. Yang et al. (2013), Prós-

zyński (2015), Imparato et al. (2018), and Zaminpardaz
and Teunissen (2018) have already pointed out that the
probability density functions (pdf) under the multiple
alternative hypotheses are complex and even practically
impossible to obtain in a closed form. In that case, the criti-
cal region of the outlier test is also complicated. The critical
region is the subset of the observations, for which the null
hypothesis is rejected. Consequently, they used the Monte
Carlo method (MC) to analyse their analytical expression.
The MC is a well known method of numerical inte-

gration. Different from determinist approach such as
the trapezoidal rule, MC incorporates randomness by
sampling random values from specified distributions.
The basic idea is to approximate probability distributions

by frequency distributions of computer random exper-
iments performed using pseudo-random number genera-
tors (Koch 2007, Lehmann 2012). A computation with
one set of pseudo-random number generators is a
Monte Carlo experiment (Lehmann and Scheffler 2011).
For more details about the MC, see, for example, Altiok
and Melamed (2007), Robert and Casella (2013), Gamer-
man and Lopes (2006).
One can argue on the disadvantage of high compu-

tational complexity involved in a MC approach. In con-
trast to Baarda’s era, we currently have fast computers
and large data storage systems at our disposal. Therefore,
such obstacles are no longer existing because computing
power is not a bottleneck at present (Lehmann 2015). In
this context, the MC has been extensively applied in geo-
desy (Lehmann 1994, Hekimoglu and Koch 1999, Koch
2007, Lehmann and Scheffler 2011, Aydin 2012, Leh-
mann 2012, Yang et al. 2013, Marx 2015, Prószyński
2015, Koch 2016, Klein et al. 2017, Lehmann and Voß-
Böhme 2017, Rofatto et al. 2017, Imparato et al. 2018).
The situation becomes a little more complicated when

Baarda’s data snooping is applied in its iterative form.
This procedure is called iterative data snooping (IDS)
(Teunissen 2006, p. 135). In contrast to the well-defined
theories (Baarda 1968, Förstner 1983, Wang and Knight
2012, Yang et al. 2013, Prószyński 2015, Imparato et al.
2018), we believe that the IDS procedure is a heuristic
method, and therefore, there is no complete and rigorous
reliability theory on it. Heuristics are understood as tech-
niques designed for finding approximate solutions when
classic methods fail to find any exact solution. In such
case, an analytical model with a tractable solution for
its probabilities is unknown, and therefore, one needs to
resort to MC.
The purpose of this study is to provide an overview of

the latest advances in the reliability theory for geodesy.
Here, we analysed the pioneering work of Baarda (1968)
and the recent studies on the subject (Lehmann 2012,
Yang et al. 2013, Prószyński 2015, Lehmann and Lösler
2016, Lehmann and Voß-Böhme 2017, Teunissen et al.
2017, Imparato et al. 2018). Then, we pointed out new
possibilities and perspectives on the issue, with a particu-
lar emphasis on the MC.
The paper is organised as follows. First, we provide the

elements of Baarda’s original data snooping testing pro-
cedure and its restrictions when there are multiple alterna-
tive hypotheses. Second, we demonstrate by an illustrative
example how IDS works, and we point out that its prob-
abilities should be computed by a MC. Third, we present
a MC approach as an alternative for quality control. With
regard to the MC, two problems are presented and we try
to answer them. First, how can we find the optimal num-
ber of MC experiments for quality control purpose?
Second, how do we obtain the probability levels of IDS?
Finally, the concluding remarks are summarised at the
end of this paper.

Baarda’s data snooping for outlier
detection
Null hypothesis versus alternative
hypothesis: a binary case
The null hypothesis, which is also called the working
hypothesis, corresponds to a supposedly valid model
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describing the physical reality of the observations without
the presence of an outlier. When it is assumed to be ‘true’,
this model is used to estimate the unknown parameters,
typically in a least-squares approach. Thus, the null
hypothesis of the standard Gauss–Markov model in linear
or linearised form is given by (Koch 1999)

H0:E{y} = Ax, D{y} = Syy (1)

where E{.} is the expectation operator, y [ Rn the vector
of measurements, A [ Rn×u the Jacobian matrix (also
called design matrix) of full rank u, x [ Ru the unknown
parameter vector, D{.} the dispersion operator, and
Syy [ Rn×n the known positive definite covariance matrix
of the measurements. In this case, the redundancy r of the
model in equation (1) is r = n− u.
Instead of H0, Baarda (1968) proposed a mean shift

alternative hypothesis HA, also referred to as model mis-
specification by Teunissen (2006), as follows:

HA:E{y} = Ax+ C∇, D{y} = Syy (2)

with C [ Rn×q as the matrix of outlier model and ∇ [ Rq

the unknown outlier vector. Under HA, we restrict our-
selves to A C

[ ]
[ Rn×(u+q) having a full column rank,

such that q ≤ n− u = r. The alternative to this HA is
the variance inflation HA. Up to now it is rarely used in
geodesy because it is more difficult to derive a powerful
test and a reliability theory for it.
The number of unknown outliers defines the alternative

model, i.e.

i
︷︸︸︷local test

≤ q ≤ n− u
︷�︸︸�︷overall test

(3)

When q = n− u = r, an overall model test is performed. In
that extreme case, the redundancy of the alternative hypoth-
esis HA is r = n− (u+ q) = n− (u+ n− u)[r = 0, and
therefore, there is no need to specify any particular alterna-
tive hypothesis. In this case, the overall model test is based
on the weighted sum-of-squared residuals ‖ê0‖2, i.e.

‖ê0‖2 = êT0S
−1

yyê0 (4)

with ê0 being the least-squares residuals vector under H0.
By setting an acceptance region Aa0 , Rn (Baarda 1968,
Teunissen 2006),

Aa0 = {y [ Rn | ‖ê0‖2 ≤ x2a0
(r, 0)} (5)

Thus, the overall test is given as

Accept H0 if ‖ê0‖2 ≤ x2a0
(r, lq), reject otherwise

(6)

The critical value x2a0
(r, lq) is computed from the cen-

tral chi-squared distribution with r = n− u degrees of
freedom and type I error, also known as false alarm or
level of significance, a0 (note: the index ‘0’ represents
the case of a single alternative hypothesis testing). The
second argument of x2a0

is the non-centrality parameter
(lq). The non-centrality parameter lq describes the dis-
crepancy between H0 and HA. The performance of that
test can be described by its probabilities of committing
type I errors and type II errors (also known as missed

detection rate, b0) as follows:

Type I error: P[y � Aa0 |H0 = true] = a0

Type II error: P[y [ Aa0 |H0 = false] = b0

(7)

The probability of type I error a0 is the probability of
rejecting the null hypothesis when it is true, whereas the
type II error b0 is the probability of failing to reject the
null hypothesis when it is false. The complement of type
II error is the well-known power of the test (also known
as correct detection) given by g0 = 1− b0.
For the overall model test, the weighted sum-of-

squared residuals under HA follow the non-central chi-
squared distribution with r = n− u, i.e.

‖êA‖2 � x2a0
(r, lq), where lq

= ∇TCTS
−1

yySê0S
−1

yyC∇ (8)

where êA is the least-squares residuals vector of H0 which
has this distribution under HA, lq the non-centrality par-
ameter, and Sê0 the variance matrix of the best linear
unbiased estimator of ê0 under H0. We restrict ourselves
to the data snooping by Baarda (1968). For more details
about the overall model test, see Teunissen et al. (2017)
and Imparato et al. (2018).
On the other hand, Baarda (1968) proposed a pro-

cedure to detect a single outlier in linear(ised) models,
which he called data snooping. The purpose of his data
snooping procedure is to screen each individual obser-
vation for an outlier. Therefore, in contrast to the overall
model test, Baarda’s data snooping is based on a local
model test. In such case, q = 1 and the n alternative
hypothesis is given by

Hi:E{y} = Ax+ ci∇i (∀i = 1, . . . , n), D{y}

= Syy (9)

Now, the matrix C in equation (2) is reduced to a cano-
nical unit vector ci, which consists exclusively of
elements with values of 0 and 1, where 1 means that
an ith outlier of magnitude ∇i affects an ith measure-
ment and 0 otherwise. In that case, the rank
A ci

[ ]
[ Rn×(u+1) and the vector ∇ in equation (2)

reduces to a scalar ∇i in equation (9), i.e.

ci = 0 0 . . . 1
︷︸︸︷ith

0 . . . 0

⎡
⎣

⎤
⎦T

.

Baarda’s w-test statistic for his data snooping is given
by a normalised least-squares residual as follows (Baarda
1968):

wi = ciS
−1

yyê0
ciTS

−1

yySê0S
−1

yyci
√ (∀i = 1, . . . , n) (10)

To verify if there are sufficient evidences to reject or not
the null hypothesis, the test for binary case should be per-
formed as

Accept H0

if |wi| ≤

x2a0

(q = 1, 0)
√

=

k

√
, reject otherwise in favour of Hi

(11)
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with the acceptance region given as

Ai
a0

= y [ Rn | |wi| ≤

k

√{ }
(12)

with k being the critical value from the chi-squared one-
side distribution with q = 1 degree of freedom (note: the
square root of a chi-squared one-side test is equivalent
to that of a standard normal distribution two-tailed
test). For example, for a0 = 0.01, we obtain
k

√ = 2.576. In this case, if |wi| . 2.576 for some yi,
one may reject H0 because yi � Ai

a0
.

Because Baarda’sw-test in its essence is based on binary
hypothesis testing, in which one decides between the null
hypothesis H0 and a unique alternative hypothesis Hi of
equation (9), it may lead to type I errors (a0) and type
II errors (b0). Instead of a0 and b0, there is the confidence
level (CL) and power of the test (g0), respectively. The first
deals with the probability of accepting a true null hypoth-
esis; the second, as already mentioned, with the prob-
ability of correctly accepting the alternative hypothesis.
The normalised least-squares residual wi follows a stan-

dard normal distribution with the expectation that m0 = 0
ifH0 holds true (there is no outlier). On the other hand, if
the system is contaminated with a single outlier at the ith
position of the dataset (i.e. under Hi), there is an outlier
that causes the expectation of wi to become
lq=1(i.e. mi = lq=1), which is the non-centrality par-
ameter for q = 1. In this case, the non-centrality

parameter lq=1 is given by

lq=1 = ciTS
−1

yySê0S
−1

yy∇i
2

(13)

Figure 1 shows the relationship among the parameters a0,

b0, CL, g0, lq=1, and

k

√ =

x2a0

(q = 1, 0)
√

. For a given

value of lq=1, the smaller the significance level a0, the
smaller the power of the test g0. On the other hand, the
larger the non-centrality parameter lq=1, the larger the
power g0 for a given a0.
The non-centrality parameter lq=1 in equation (13)

describes the discrepancy between the null H0 and the
single alternative hypothesis Hi in equation (9). In other
words, the non-centrality parameter lq=1 represents the
expected mean shift of a specific w-test when there is an
outlier. In such case, the term ciTS

−1

yySê0S
−1

yyci becomes a
scalar and the solution of the quadratic equation (13) is
given by (Teunissen 2006)

|∇i | = MDB(i) =

lq=1(a0, g0)

ciTS
−1

yySê0S
−1

yyci

√
(14)

where |∇i| is MDB(i), which is computed for each of the n
alternative hypotheses according to equation (9).
Because

s2
∇̂i = (ciTS

−1

yySê0S
−1

yyci)
−1 (15)

with s2
∇̂i being the variance of estimated outlier ∇̂i,

MDB(i) can also be computed by combining Eqs. (14)

1 A non-centrality parameter of lq=1 = 3.417 with a0 = 0.01 (

k

√ = 2.576) lead to g0 = 0.8 (or b0 = 0.2)

2 Left: MDB computed as a function of power of the test g0 for different values of type I error a0 (the estimation of the outlier
precision was fixed as s∇̂i = 1 m). Right: MDB as a function of s∇̂i for a0 = 0.001 and a0 = 0.1 (the power of the test was set
as g0 = 0.8)
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and (15) as

MDB(i) = s∇̂i

lq=1(a0, g0)

√
, (∀i = 1, . . . , n) (16)

wheres∇̂i is the standarddeviationof theestimatedoutlier ∇̂i.
Note that the non-centrality parameter lq=1 in

equation (13) requires knowledge of the outlier size,
which in practice is unknown. On the other hand,
lq=1 can be computed as a function of a0, b0,
and r = q = 1. Baarda (1968) provided monograms for
those interested in obtaining values as a function of
a0, b0, and r. Alternatively, we use the recursive algor-
ithm based on the work by Aydin and Demirel (2005),
namely Newton algorithm, in order to obtain the non-
centrality parameter lq=1. The left side graph of Fig. 2
shows, for the case q = 1, that MDB becomes larger
for smaller values of a0 and b0 (or larger power of the
test g0). It should also be noted that the more precise
the estimated ∇̂i (smaller s∇̂i), the smaller the MDB
(see right graph of Fig. 2).
The MDB was further investigated for a single outlier

in a singular Gauss–Markov model (Wang and
Chen 1999). There are also studies covering either inde-
pendent or correlated measurements (Pelzer 1983, Prós-
zyński 1994, Wang and Chen 1994, Schaffrin 1997,
Teunissen 1998, Prószyński 2010).
For the case of 1 , q , n− u, one assumes that more

than one outlier is present in the dataset. In other
words, it is possible to set up for the case of multiple out-
liers (Kok 1984, Ding and Coleman 1996, Teunissen
2006, Knight et al. 2010, Baselga 2011, Gui et al. 2011,
Koch 2016, Klein et al. 2017). The multiple outlier case
is covered at full length by Teunissen (2006) [For more
details about alternative models, refer to Lehmann
(2013) and Lehmann and Lösler (2016)].
Although Baarda’s w-test belongs to the class of gen-

eralised likelihood ratio tests and has the property of
being a uniformly most powerful invariant (UMPI)
test when the null hypotheses is tested against a single
alternative (Arnold 1981, Teunissen 2006, Kargoll
2007), this test may not necessarily be a UMPI when
more than one alternative hypothesis are considered,
as is the case of the data snooping procedure
(Kargoll 2012, Lehmann and Voß-Böhme 2017, Teunis-
sen et al. 2017).

Baarda’s data snooping for outlier
identification
In this section, we will briefly review the two alternative
hypotheses case (Förstner 1983) and the case of n alterna-
tive hypotheses (Yang et al. 2013, Prószyński 2015, Teu-
nissen et al. 2017, Imparato et al. 2018).

Förstner method: two alternative hypotheses
After 15 years of existence, Baarda’s theory was
extended by Förstner (1983), who considered two
alternative hypotheses instead of a single one. Under
two alternative hypotheses, the non-centrality par-
ameter is not only related to the sizes of a0 and b0 as
shown until the present, but it is also dependent on
the correlation coefficient (r) between Baarda’s w-test
statistics, i.e. wi and wj, as follows (Förstner 1983, Li

1986):

rwi,wj =
ciTS

−1

yySê0S
−1

yycj
ciTS

−1

yySê0S
−1

yyci
√ 

cjTS
−1

yySê0S
−1

yycj
√ (i = j)

(17)

Different from the MDB presented in the previous sec-
tion, the correlation coefficient rwi,wj in equation (17)
does not depend on the non-centrality parameter,
which is a function of the probability levels a0, b0,
and r. Actually, it depends only on the design model
(matrices A and W) and the outlier models ci and cj .
W is the weight matrix of the observations, taken as
W = s2

0S
−1

yy, where s2
0 is the variance factor (Koch

1999, Lehmann 2012).
For the test with two alternative hypotheses, apart from

type I (false alarm) and type II errors (missed detection),
there is a third type of wrong decision when Baarda’s data
snooping is performed. Baarda’s data snooping can also
flag a non-outlying observation while the ‘true’ outlier
remains in the dataset. We are referring to the type III
error (Hawkins 1980), also called ‘wrong exclusion’
(Van Mierlo 1979, Förstner 1983, Li 1986, Yang et al.
2017). The determination of the type III error (here
denoted by kij) involves a separability analysis between
the alternative hypotheses (Van Mierlo 1979, Förstner
1983, Li 1986, Wang and Knight 2012, Yang et al.
2013, Prószyński 2015, Yang et al. 2017). Therefore, we
are now interested in the identification of the correct
alternative hypothesis. Suppose that there is an outlier
in the ith position of the dataset, the probability of com-
mitting a type III error (kij) is given by

Type III error:

P |wj| . |wi|, |wj| .

k

√
(i = j)|Hi = true

[ ]
= kij

(18)

In contrast to the single alternative hypothesis, the accep-
tance region for the case of two alternative hypotheses, i.e.
Hi andHj, is now given by the intersection of two individ-
ual acceptance regions, i.e.Aa00 = Ai

a0

⋂Aj
a0
, (i = j). In

this case, the intersection of the two individual acceptance
regions has a smaller area compared to each of the indi-
vidual ones (note: the index ‘00’ represents the case of
two alternative hypotheses testing). Thus, the type II
error probability becomes smaller, i.e. b00 ≤ b0, whereas
the type I error becomes larger, i.e. a00.a0. Now, the
power of the test is the complement of the sum of type
II and III errors, g0 = 1− (b00+ kij). Furthermore, the
probabilities of committing type I, II, and III errors are
essentially related to the dependencies of the alternative
hypotheses. In this case, the larger the correlation coeffi-
cient, the larger the type III error and the smaller the
type II error (Yang et al. 2013).
Based on the work by Yang et al. (2013), the left side

graph of Fig. 3 shows that a00 becomes smaller when r
increases from 0 to 1, given a0 = 0.01 and
b00+ kij = 0.2. The middle graph of Fig. 3 shows that
the larger the correlation coefficient (r . 0.8), the higher
the type III error (kij). When the correlation coefficient is
very large, b00 is effectively zero whereas kij is 0.2 (20.0%).
Therefore, the larger the correlation coefficient, the larger
the value of kij and the smaller the b00. The right side
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graph of Fig. 3 shows that the non-centrality parameter
l00 for two alternative hypotheses increases as the corre-
lation increases from 0 to 1.

The case of multiple alternative hypotheses
In the local model test with a single alternative hypothesis
Hi of equation (9), the sizes of type I and II errors are
given. Under this assumption, the non-centrality par-
ameter coinciding with the MDB can be obtained as a
lower bound of the outlier that can be successfully
detected (Yang et al. 2013). In practice, however, we do
not have a single alternative hypothesis during the data
snooping procedure, but we have multiple alternative
hypotheses. Therefore, the data snooping procedure has
an effect when it returns the largest absolute value
among the wi (Teunissen 2006), i.e.

w = max
i[{1,...,n}

|wi| (19)

The concept of multiple testing says that ifH0 is rejected,
among all Hi’s the one should be accepted, which would
have rejectedH0with the least a. In the case that all critical
values are identical, it is most simple: Hi with the maxi-
mum test statistic should be accepted. In order to check
its significance, the maximum value (w) should be com-
pared with a critical value (


k

√
). For instance, a jth obser-

vation is suspected to be an outlier (i.e. we acceptHj) when

|wj| . |wi| ∀i, |wj| .

k

√

=

x2a0

(r = q = 1, 0)
√

(i = j) (20)

If none of the n w-tests gets rejected, then we accept the
null hypothesis H0. The data snooping procedure for the
case ofmultiple alternative hypotheses is therefore given as

Accept H0 if w = max
i[{1,...,n}

|wi| ≤

k

√
(21)

Otherwise,

Accept Hi if w = max
i[{1,...,n}

|wi| .

k

√
(22)

The computational complexity increases considerably as
the number of hypotheses increases (Yang et al. 2013). This
means testing H0 against H1,H2,H3, . . . , and Hn.
However, dealing with n alternative hypotheses is not a tri-
vial task for quality control purposes, because the higher
the dimensionality of the alternative hypotheses, the more
complicated the level probabilities associated with the data
snooping procedure.

The acceptance region forH0 is the intersection of the n
individual acceptance regions, i.e. Aan = >n

i=1Ai
a0
,

(∀i = 1, . . . , n). Because the acceptance region of the
multiple test Aan is smaller than the single alternative
hypothesis Ai

a0
(equation 12), the probability of type II

error through equation (21) will be

bn = P[y [ Aan |Hi] ≤ P[y [ Aa0 |Hi] = b0 (23)

where bn is the type II error probability for the multiple
alternative hypotheses, whereas b0 is for the case of one
alternative hypothesis (note: the index ‘n’ represents the
case of multiples alternative hypotheses).
Geometrically, the intersection of all n individual

acceptance regions has a smaller area than each of the
individual ones. Hence, the type II error probability
becomes smaller, i.e. bn ≤ b0. Therefore, we also have
the following MDB inequality:

MDBn ≤ MDB0 = s∇̂i

lq=1(a0, g0)

√
(24)

The right side of the inequality (24) is typically easy to
compute using equation (16). Taking into consideration
the geometric complexity of the acceptance region and
the probability density function of the w-tests, the compu-
tation of the left side requires a MC [see Imparato et al.
(2018) for more details]. In multiple tests, on the other
hand, for type I error, we have

an = P[y � Aan |H0] ≥ P[y � Aa0 |H0] = a0 (25)

According to equation (23), the type I error will gener-
ally become larger, i.e. an ≥ a0. By using the concept of
Bonferroni (1936) and neglecting the dependence between
w-tests, the type I error for multiple tests can be given as
1− an = (1− a0)

n, where for small a0, it can be approxi-
mated as an ≤ na0. As pointed out by Imparato et al.
(2018), this approximation works very well for a system
with a high redundancy and/or low correlated w-tests.
Lehmann (2012) used the MC by considering the depen-
dencies between the least-squares residuals. In that case,
as n increases, the values of the correlation coefficients
decrease.
In addition, a wrong exclusion is caused by a high cor-

relation between Baarda’s w-test statistics. Therefore, the
separability analysis for controlling misidentification
when there are multiple alternative hypotheses should
also be considered. For the multiple alternative hypoth-
eses case, the probability of committing different types
of error are presented in Table 1.

3 Relationships of the error probabilities, non-centrality parameters and the correlation coefficient of two alternative
hypotheses
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Under multiple alternative hypotheses, the probabilities
of type I errors in the data snooping procedure for outlier
identification, when there are no outliers, are given by

a0i = P |wi| . |wj|∀j, |wi| .

k

√
(i = j)|H0:true

[ ]
=

∫
|wi|.|wj|∀j,|wi|.


k

√
f ′0∂w1 . . . ∂wn

(26)

where f ′0 is the probability density function when the
expectation of the multivariate Baarda’s w-test statistics
is zero (mn = 0).
The confidence level is

1− an = P >n
i=1|wi| ≤


k

√
| H0:true

[ ]
=

∫
|wi|.|wj|∀j,|wi|.


k

√
f ′0∂w1 . . . ∂wn

(27)

Based on the assumption that one outlier is in the ith
position of the dataset, the probability of a correct identi-
fication is

1−bii = P |wi| . |wj| ∀j, |wi| .

k

√
(i = j)|Hi: true

[ ]
=

∫
|wi|.|wj|∀j,|wi|.


k

√
f′̂i′∂w1 . . . ∂wn

(28)

where f′̂i′ is the probability density function when the
expectation of the multivariate Baarda’s w-test statistics
is not equal to zero (mn = 0).
The probability of type II error for multiple testing is

bi0 = P >n
i=1|wi| ≤


k

√
|Hi:true

[ ]
(29)

and the size of type III error is given by

∑n
i=1(i=j)

kij =

∑n
i=1

P |wj| . |wi| ∀i, |wj| .

k

√
(i = j)| Hi: true

[ ]
(30)

The probability levels associated with Baarda’s data
snooping under multiple alternative hypotheses by
using an analytical formulation were described by
Yang et al. (2013), as demonstrated above. However,
these authors have already pointed out that the density
functions and the critical region under multiple alterna-
tive hypotheses are extremely complex and even imposs-
ible to obtain deterministically. They used an empirical
method based on numerical integration of random
observation errors to analyse their analytical expression.
The relationship between the number of observations (n
alternative hypotheses), the probabilities of committing
different types of errors during data snooping procedure,
and the non-centrality parameter for multiple alternative
hypotheses (denoted by lnq=1) are shown in Fig. 4. The
results were based on the experiments performed by
Yang et al. (2013) in which the correlation coefficients
between Baarda’s w-test statistics were assumed to be
the same.
From Fig. 4, although an increases with the number of

alternative hypotheses, an decreases significantly as the
correlation coefficient r increases. The non-centrality par-
ameter lnq=1 notably increases as the correlation coeffi-
cient r increases and it also increases as the number of
alternative hypotheses n increases. Thus, in order to
have a low probability of committing a type II or III
error, a larger lnq=1 should be required. Gradually, the
size of type II error diminishes as the number of alterna-
tive hypotheses increases. The larger the correlation coef-
ficient, the lower the probability of committing bi0 and
the higher the probability of committing type III error kij.
In this context, Prószyński (2015) provided a sup-

plementation of the MDB by an outlier identifiability
index to each observation and a misidentifiability index
as the maximum probability of type III error. Assuming
that one outlier of MDB magnitude resides in the ith pos-
ition of the dataset, the identifiability index (here denoted
as ID(i)) is defined in terms of conditional probability as
follows:

ID(i) = P >n
j=1

|wj|
|wi| , 1, (i = j)| <n

j=1 |wj| .

k

√[ ]
(31)

Moreover, the misidentifiability index (MID(i/ j)) as the
probability of identifying a jth non-outlying observation

Table 1 Decisions for the multiple alternative hypotheses case (adapted fromYang et al. 2013)

Result of test

H0 H1 H2

. . .

Hn
Reality

(‘unknown’) |wi| ≤ 
k

√
, ∀i |w1| .


k

√
, |w1| . |wi|, ∀i |w2| .


k

√
, |w2| . |wi|, ∀i |wn| . 

k
√

, |wn| . |wi|, ∀i

H0 Correct decision
1− an

Type I Error
a01

Type I Error
a02

. . . Type I Error
a0n

H1 Type II Error
b10

Correct identification
1− b11

Type III Error
k12

. . . Type III Error
k1n

H2 Type II Error
b20

Type III Error
k21

Correct identification
1− b22

. . . Type III Error
k2n

..

. ..
. ..

. ..
. . .

. ..
.

Hn Type II Error
bn0

Type III Error
kn1

Type III Error
kn2

. . . Correct identification
1− bnn
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instead of the contaminated ith observation is

MID(i/j) = P
⋂n
j=1

|wi|
|wj| , 1, (i = j)| <n

i=1 |wi| .

k

√[ ]

(32)

equation (31) indicates that the statistic of the outlier in
the ith position dominates over each of the corresponding
absolute values for the remaining observations within a
set of suspected observations. equation (32), on the
other hand, shows that the statistic of the non-outlying
observation in the jth position is prevailing within a set
of suspected observations. Thus, the ratio between the
w-statistics for both equations (31 and 32) is smaller
than one.
Prószyński (2015) then proposed the maximum value

of MID(i/j), i.e. the maximum probability of committing
type III errors. Furthermore, he formulated the following
relationship based on Eqs. (31) and (32):

ID(i/j) = 1−
∑n−1

j=1,j=i

MID(i/j) (33)

with n as in Eqs. (31) and (32) being the number of obser-
vations (or alternative hypotheses). The indices in
equation (33) show that the higher the probability of find-
ing the contaminated observation (Wang and Knight
2012), the lower the probability of committing the type
III error. The outliers of MDB magnitudes are often not
identified. Thus, Prószyński (2015) also provided a multi-
plying factor, which indicates the degree of augmentation

of MDB, to obtain the required level of outlier identifia-
bility. This multiplying factor is based on another index
called partial pseudo-identifiability index (ID∗

(i/j)), which
is given by

ID∗
(i/j) = P

|wj|
|wi| , 1, (i = j)

[ ]
(34)

An analogy can be found between the proposal by
Prószyński (2015) and Wang and Knight (2012). In the
approach by the latter, the concept of minimal separable
bias (MSB), which is the magnitude of MDB increased
by the multiplying factor to ensure identification of an
outlier at a satisfactory confidence level, is presented.
When the number of observations increases, the defi-
nitions of Eqs. (31), (32), (33), and (34) become more
complex. Therefore, an empirical method based on MC
of random observation errors was used to analyse the
above analytical expression [for more details, see Prós-
zyński (2015)].
In the context of identifiability of the hypotheses, Teu-

nissen et al. (2017) recently introduced the concept of
MIB as the smallest outlier that leads to its identification
for a given correct identification rate. The detection and
identification are equal in the case where we only have
the one alternative hypothesis. However, under n alterna-
tive hypotheses (multiple testing), we have from equations
(28–30)

bii = bi0+
∑n

i=1(i=j)

kij (35)

4 Relationships of the error probabilities, non-centrality parameters and the correlation coefficient of multiple alternative
hypotheses
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or

1− bii = g0 −
∑n

i=1(i=j)

kij[g0

= 1− bii +
∑n

i=1(i=j)

kij (36)

The probability of correct detection g0 (power of the
test for a single alternative hypothesis) is the sum of the
probability of correct identification 1− bii (selecting a
correct alternative hypothesis) and the probability of mis-

identification
∑n

i=1(i=j)
kij (selecting one of the n− 1 other

hypotheses). Thus, we have the inequality 1− bii ≤ g0
(Imparato et al. 2018), which is similar to equation (23).
As a consequence of that inequality, the MIB will be lar-
ger than MDB:

MIBn ≥ MDB0 (37)

The computation of MIBn should be based on MC,
because the acceptance region (aswell as the critical region)
for the multiple alternative hypotheses case is analytically
intractable. In this respect, Imparato et al. 2018 showed
how to compute the quantities MIBn and MDBn. They
found that the larger the size of the outlier and/or more pre-
cisely, the estimated outlier, the higher the probability of
being correctly identified. In addition, increasing the type
I error (i.e. reducing the acceptance region) leads to higher
probabilities of correct identification. Furthermore,

increasing the number of alternative hypotheses leads to a
lower probability of correct identification. Therefore, the
general characteristic of MIBn, MDBn, and MDB0 is
given as

MIBn ≥ MDB0 ≥ MDBn (38)

There is no difference between MDB and MIB in the
case of a single alternative hypothesis. As the number of
alternative hypotheses increases, however, MDBs become
smaller, whereas MIBs become larger. The relation in (38)
shows that MDB0 can be used as a safe upper bound for
its multivariate MDBn. However, this is not the case for
MIBs. For more details about identifiability see e.g.
Zaminpardaz and Teunissen (2018).

Data snooping with adaptation: an iterative
procedure
From the MIB concept, one may evaluate, using an a
priori analysis, the probability of identifying an outlier
in the first adjustment run. In that case, the data snooping
procedure is applied only once according to the detector
(equation (19)). In practice, however, data snooping is
applied iteratively in the process of estimation, identifi-
cation, and adaptation. Fig. 5 illustrates an example of
data snooping applied iteratively to a regression model
for the case where there are two outliers in the dataset
and it is assumed that false decisions, such as types I, II,
and III errors, do not occur.
First, the least-squares residual vector is estimated and

Baarda’s w-test statistics are computed by equation (10).

5 Data snooping procedure in its iterative form for the case where there are two outliers in the dataset
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Then, the detector given by equation (19) is applied to
identify the most likely outlier (red mark in Fig. 5). The
identified outlier is then excluded from the dataset
(marked with ‘X’ in Fig. 5) and the least-squares esti-
mation adjustment is restarted without the rejected obser-
vation. Then, Baarda’s w-test (equation 11) as well as the
detector (equation 19) are again computed. Obviously, if
redundancy permits, this procedure is repeated until no
more (possible) outliers can be identified. This procedure
is called IDS (Teunissen 2006, pp. 135).
The theories presented until the present are based on a

single run of data snooping, i.e. without subsequent diag-
nostic operations such as removal or re-weighting of
observations. However, the actual practice of data snoop-
ing is performed in its iterative process. Thus, as the case
in actual practice, a reliability measure cannot be easily
computed for quality control purposes. Consequently,
MDB, ID, ID∗, MID, and MIB are valid only for the
case where data snooping is run once, and they cannot
be used as a diagnostic tool for IDS. Because an analytical
formula is not easy to compute, a MC should be run to
obtain the probabilities and reliability measures for IDS.
The MC allows insights into these cases where analytical
solutions are extremely complex to fully understand, are
doubted for one reason or another, or are not available.

The p-value approach to multiple outlier
detection
Remember that Baarda’s data snooping (10) searches for
one outlier at a time. If one is detected, it is excluded and
the procedure is repeated, etc. The question is why not
searching for multiple outliers already in the first run.
We would then have additional alternative hypotheses
(2) with q . 1 and corresponding additional test statistics
already in the first run of the data snooping. The problem
is that for each q we get a different critical value. This
invalidates (19) as a criterion to identify the outliers
because we can reasonably take the maximum only of
test statistics relating to the same q, i.e. to the same critical
value.
A solution of this problem is proposed by Lehmann

and Lösler (2016) and is called ‘p-value approach’. In stat-
istical hypothesis testing, the p-value or probability value
or asymptotic significance is defined as the probability
that, when the null hypothesis is true, the test statistic
would be of greater magnitude than the actually obtained
value w.
This approach is realised as follows:
(1) The procedure starts with an overall test (6). IfH0 is
accepted, the procedure stops without detected outlier.
(2) Up to some maximum number of outliers (here,
denoted by qmax) all alternative hypotheses (2) are set
up and the correponding test statistics are evaluated.
(This can be quite a time consuming operation because
the number of such test statistics grows strongly with
qmax. But Lehmann and Lösler (2016) show that there
are opportunities to save most of the computer time.
(3) Selecting some a0 in (7) and comparing the critical
values with the test statistics can result in three cases:
(a) case A: No test statistic exceeds its critical value.
This would contradict the result of the overall test.
(b) case B: Exactly one test statistic exceeds its critical
value. This is the desired case, because the outliers are
uniquely identified.

(c) case C: Many test statistics exceed their critical
values. This is undesired, because the outliers are not
uniquely identified.
(d) It depends on a0 which case occurs. The solution
is now to tune a0, which is always to some degree
debatable, in such a way that case B occurs. This is
equivalent to computing the p-value for each Hi

and taking the minimum. This identifies the outliers
uniquely.
When qmax = 1 is chosen, the p-value approach

coincides with the result of (19). Lehmann and Lösler
(2016) made numerical experiments with that approach
in comparison to the iterative approach, which those
authors call ‘consecutive testing’. Based on the numeri-
cal experiments it is not justified to conclude, which
approach detects the outliers best, but it is demon-
strated that they behave differently and sometimes
even produce different results. To find the best approach
in some practical sense, more experiences must be
gained.
In the next sections, we focus on some issues associated

with the Monte Carlo Method for quality control.

Accuracy of Monte Carlo integration for quality
control purposes
The larger the number of MC experiments (i.e. the sample
size of random numbers generated), the better the
approximation of an expected value in some stochastic
processes. The theoretical convergence is only of the
order of m1/2 (where m is the number of experiments per-
formed). This order does not depend on the dimension of
the dataset (Tanizaki 2004). However, until the present,
no study has been conducted to evaluate empirically the
accuracy of the MC for quality control purposes in geo-
desy. Generally, only the degree of dispersion of the MC
is considered. Thus, an issue remains: how can we find
the optimal number of MC experiments for quality con-
trol purpose? We use an exact theoretical reference
given by a univariate minimal detectable bias MDB0

(equation 14).
The procedure to analyse the accuracy of MC can be

briefly described as follows:
(1) Generate a vector of random errors. Typically, it is
assumed that the random errors of the good measure-
ments are normally distributed with expectation zero.
Thus, the random errors are generated by using the
well-known Box–Muller method (Box and Muller
1958) based on a multivariate normal distribution of
the observations (actually, we used MATLAB’s func-
tion mvnrnd here).
(2) Add the MDB0 computed for a given observation
using the analytical expression (equation 14) to the cor-
responding random error. Thus, we have the total error
(here, denoted by 1) as a combination of the random
errors and the observation contaminated by its corre-
sponding MDB0, i.e.

1 = e+ ci MDB0(i) (39)

where e [ Rn is the random error generated from nor-
mal distribution e � N(0, Syy) and ci consists exclu-
sively of elements with values of 0 and 1, where 1
means that an ith outlier of magnitude MDB0(i) affects
an ith measurement, and 0 otherwise.
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(3) Compute the least-squares residual ê0 vector as fol-
lows:

ê0 = R1, with R = I − A(ATWA)−1ATW (40)

where R [ Rn×n is the redundancy matrix, W is the
weight matrix, and I [ Rn×n is the identity matrix.
(4) Compute Baarda’s w-statistics given by equation

(10). If |wi| .

x2a0

(r = 1, 0)
√

= 
k

√
, thenH0 is rejected

in favour of Hi.
(5) Perform the procedure described from 1 to 4 above
for m samples of random error vector en with
n = {1, . . . , m}. By counting the number of correct
detections in the generated samples, one can determine
the corresponding power of the test. Thus, if m is the
total number of samples simulated, we count the num-
ber of times of correct detection nCD in which

|wi n| .

x2a0

(r = 1, 0)
√

= 
k

√
for n = {1, . . . , m},

and then approximate the probability of the power of
the test as

ĝ0 =
nCD
m

where m is known as the number of Monte Carlo exper-
iments (or also referred to as Monte Carlo sample size).
One of the potential disadvantages of the MC is that a

single run of a MC experiment does not indicate by itself
the reliability of the results. For analysing the accuracy of
MC, several trials for each sample size shouldbeperformed.
By computing the average and standard deviations of the
trials, one can analyse the accuracy as a function of the
MC experiments. The average empirical probability of
the power of the test �g0 should be as close as possible to
the true value (i.e. g0). The average is given by

�g0 =
1
t

∑t

i=1

ĝ0(i) (42)

where ĝ0(i)is the empirical power of the test computed for
each trial i and for a given MC experiment m, and t is the
total number of trials. The variance can also be computed
to evaluate the degree of variation of the MC experiment

as follows:

�s 2
�g0

= 1
t− 1

∑t

i=1

(ĝ0(i) − �g0)
2,

for i = 1, . . . , t

(43)

with�s 2
�g0
being thevariance and�s�g0 = +(�s�g0 )

1/2 the standard
deviation for a given MC experiment.
For simplicity, a simulated GNSS (Global Navigation

Satellite System) network is considered. It has one control
station (fixed) and five user stations with unknown 3D pos-
itions (X,Y, Z), totalling sixminimally constrained stations.
For each pair of stations, there are four of five baselines (see
Klein et al. (2017) formoredetails of that geodeticnetwork).
Here, we choose a significance level of a0 = 0.001 and a
power of the test g0 = 0.8. Based on those probabilities,
the MDB was computed for the baseline MGIN-SPCA of
that geodetic network (see equation (14)).We run 1.103,
5.103, 1.104, 2.104, 3.104, 4.104., 5.104, 6.104, 7.104, 8.104,
9.104, and 10.104 MC experiment. For each MC exper-
iment, 1000 trials were performed to evaluate the MC.
Table 2 presents the statistics of the power of the test

computed byMC experiments as well as the mean elapsed
time for each MC experiment. In our analyses, Intel Core
i5-4200M and Matlab (R2017a) were used for the MC
experiments. Fig. 6 shows the variation of the empirical
power of the test computed by MC for each experiment.
According toTable 2 andFig. 6, the greater the numberof

MC experiments, the more stable the standard deviation of
the power of the test �s�g0 . This property of the MC method
can thus be used as a direct way of determining the number
of experiments for a given application. For the application
of outlier identification, which is the topic in the next sec-
tion, we suggest that the MC experiment should be chosen
when ĝ0 in equation (41) fluctuates by no more than 0.1%.
It should be noted that the tested experiments are not suffi-
cient to compute the probabilities of order 10−3.
To ensure that the approximate value of ĝ0 is close to

the true value g0 in the order of 0.1%, we also ran for
2.105, 5.105, and 106 MC experiments. The latter two
numerical experiments provided a degree of dispersion
of the order of 0.06% and 0.04%, respectively. For the
case of 2.105 experiments, we obtained a standard devi-
ation of ± 0.07%. Both 5.105 and 106 MC experiments
did not present significant advantages over the 200,000.
Therefore, we consider that the number of experiments

Table 2 Statistics of MC experiments based on computation of the power of the test for 1000 trials

Number of MC experiments
�g0 (+�s�g0 )

(%)
Min. ĝ0(i)

(%)
Max. ĝ0(i)

(%)
Mean elapsed time

(s)

1.103 80.02 (±1.31) 75.10 83.80 5.10−2

5.103 80.01 (±0.56) 77.98 81.60 2.10−1

1.104 80.02 (±0.39) 78.80 81.21 5.10−1

2.104 80.01 (±0.28) 79.12 80.77 9.10−1

3.104 79.99 (±0.23) 79.26 80.65 1.3
4.104 80.00 (±0.21) 79.29 80.65 1.8
5.104 79.99 (±0.18) 79.38 80.53 2.2
6.104 80.00 (±0.16) 79.53 80.48 2.6
7.104 79.99 (±0.16) 79.49 80.59 3.0
8.104 79.99 (±0.14) 79.57 80.36 3.4
9.104 79.99 (±0.13) 79.59 80.40 3.7
10.104 80.00 (±0.13) 79.55 80.41 4.6
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of 200,000 can provide consistent results with sufficient
numerical precision for outlier identification.

Probabilities of IDS based on Monte Carlo
integration
The probability of identifying an outlier is still a bottle-
neck in geodesy. The challenge is even greater for the
case of IDS, i.e. when data snooping is applied iteratively.
Unfortunately, the probability levels associated with IDS
are not easy to study using analytical models owing to the
paucity or lack of practically computable solutions
(closed form or numerical). In contrast, a MC method
can almost always be run to generate system histories
that yield useful statistical information on system
operation and performance measures (Altiok and Mel-
amed 2007, Gamerman and Lopes 2006, Robert and
Casella 2013).
Recent studies by Rofatto et al. (2017) showed how to

extract the probability levels associated with Baarda’s
IDS procedure by MC. Furthermore, they introduced
two new classes of wrong decisions for IDS, which
they called over-identification. One is the probability of
IDS flagging simultaneously the outlier and good obser-
vations. Second is the probability of IDS flagging only
the good observations as outliers (more than one)
while the outlier remains in the dataset. Obviously,
these two new false decisions could occur during the
iterative process of estimation, identification, and exclu-
sion, as is the case of IDS. However, more studies on the
subject are still required. They have considered 10,000
experiments, which can not be ideal as shown in the pre-
vious section.
A procedure based on theMC is applied to compute the

probability levels of IDS as follows (summarised as a
flowchart in Fig. 7). In the first step, the design matrix
A [ Rn×u and the covariance matrix of the measurements
Syy [ Rn×n are entered; then, the significance level (a)

and the magnitude intervals of simulated outliers are
defined. The magnitude intervals of outliers are based
on a standard deviation of observation (e.g. |3s to 9s|,
where s is the standard deviation of observation. The ran-
dom error vectors are synthetically generated based on a
multivariate normal distribution, because the assumed
stochastic model for random errors is based on a matrix
covariance of the observations. Here, we use the Mers-
enne Twister algorithm (Matsumoto and Nishimura
1998) to generate a sequence of random numbers and
Box–Muller to transform it into a normal distribution.
On the other hand, the magnitude of the outlier (for
q = 1) is selected based on magnitude intervals of the out-
liers for each Monte Carlo experiment. We use the con-
tinuous uniform distribution to select the outlier
magnitude. Thus, similar to the previous section, the
total error (1) is a combination of the random errors,
and its corresponding outlier is as follows:

1 = e+ ci∇i (43)

where e [ Rn is the random error generated from normal
distribution e � N(0, Syy) and ci consists exclusively of
elements with values of 0 and 1, where 1 means that an
ith outlier of magnitude ∇i affects an ith measurement,
and 0 otherwise. Then, the least-squares residuals vector
ê0 is computed similarly using equation (40).
For IDS, the hypothesis of equation (9) for q = 1 (one

outlier) is assumed and the corresponding test statistic is
computed according to equation (10). Then, the maxi-
mum test statistic value is computed according to
equation (19). After identifying the observation suspected
as the most likely outlier, it is typically excluded from the
model, and least-squares estimation and data snooping
are applied iteratively until there are no further outliers
identified in the dataset. The procedure should be per-
formed for m experiments of random error vectors with
each experiment contaminated by an outlier.

6 Variation of the empirical power of the test ĝ0 for each MC experiment for 1000 trials. The blue horizontal dashed line at ĝ0 =
80% is the true value of the power of the test used for calculating MDB (g0 = 0.8). The black dotted line shows the maximum
and minimum values of ĝ0. As expected, a small number of MC experiments provide a wider spread of results
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By counting the number of correct identifications in
the generated samples, one can determine the corres-
ponding success rate. Thus, if m is the total number
of MC experiments, we count the number of
times that the outlier is correctly identified (denoted as

nCI ) so that max|wi n| .

x2a0

(r = q = 1, 0)
√

= 
k

√
for

n = {1, . . . , m}, and then approximate the probability of
correct identification (PCI ) as

PCI ≈ nCI
m

(44)

As mentioned in the previous section, m is known as the
number of MC experiments. In addition, the error

probabilities are also approximated as

PMD ≈ nMD

m
(45)

PWE ≈ nWE

m
(46)

Pover+ ≈ nover+
m

(47)

Pover− ≈ nover−
m

(48)

where nMD is the number of experiments in which the IDS
does not detect the outlier (PMD represents the type II error,

7 Flowchart of the procedure based on MC for computation of the probability levels of IDS for each observation
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also referred to asmissed detection probability); nWE is the
number of experiments in which the IDS procedure flags a
non-outlying observation while the ‘true’ outlier remains
in the dataset (PWE is the probability of committing a
type III error, i.e. wrong exclusion); nover+ is the number
of experimentswhere the IDS identifies correctly the outly-
ing observation and others, and Pover+ corresponds to its
probability; finally nover− represents the number of exper-
iments where the IDS identifies more than one non-outly-
ing observation, whereas the ‘true outlier’ remains in the
dataset, and Pover− is the probability corresponding to
that error probability class.
As an example, the procedure based on MC exper-

iments for the computation of probability levels of IDS
is applied to the following simulated closed-levelling net-
work, with one control (fixed) point (A) and three points
with unknown heights (B, C, and D), totalling four mini-
mally constrained points (see Fig. 8). Thus, there are
n = 6 observations, u = 3 unknowns, and
n – u = 6− 3 = 3 redundant observations in this

network. Observations 1, 2, 3, 4, 5, and 6 are assumed
normally distributed, uncorrelated, andwith nominal pre-
cisions (a priori standard deviation σ) of +8 mm,
+5.6 mm, +5.6 mm, +8 mm, +5.6 mm, and +8 mm,
respectively. The magnitude interval of outlier is from
the minimum 3s to maximum 6s, with an interval rate
of 0.5s. Here, positive and negative outliers are con-
sidered for each observation. The significance level is
taken as a = 0.001. We ran 200,000 MC experiments
for each observation and for each outlier magnitude inter-
val, totalling 7,200,000 numerical experiments. Tables 3–8
presents the correct identification and error probabilities
for one outlier and for each observation.
Tables 3–8 indicate that, in general, the greater the

magnitude of outliers, the greater is the efficiency of
IDS. In practice, as the magnitudes of outliers are
unknown, one can define the probability of the correct
identification in order to find the MIB of IDS for a
given application. For the above geodetic network, if the
probability of correct identification is taken as 0.85
(85%) and the type I error as 0.001 (0.1%), the MIB for
observations 1, 4, and 6 is approximately 5.75s, whereas
it is 7.25s for observations 2, 3, and 5. It will also be
dependent on the functional model (i.e. geometric con-
figuration of the network).
Regarding the cases of misidentification rates, in gen-

eral, an increase in the magnitude interval of outliers
leads to a decrease in the missed detection rate (type II
error). Thus, it is important to note that over-identification
cases are practically absent for a = 0.001. However, as
shown by Rofatto et al. (2017), for a GNSS network, the
probability of committing over-identification during the
IDS depends more on the critical value than the outlier
magnitude for a one-dimensional identification (one out-
lier). Furthermore, note that observations 1, 4, and 6
have the same behaviour of wrong exclusion rate (type
III error). From 3s to 4.5s, there is an increase in wrong
exclusion rate, but there is a decrease from4.5s to 6s. Simi-
larly, observations 2, 3, and 5 have an increase in wrong
exclusion rate from 3s to 5.5s and a decrease from 5.5s

8 Simulated levelling network

Table 3 Probabilities of correct identification PCI , missed detection PMD as well as the over-identifications Pover+ and Pover− for
one outlier in observation 1, a = 0.001

Outlier magnitude interval PCI % PMD % Pover+% Pover− % PWE %

3s to 3.5s 21.20 75.22 0.01 0.01 3.55
3.5s to 4s 33.45 62.24 0.02 0.01 4.29
4s to 4.5s 47.95 47.54 0.02 0.01 4.48
4.5s to 5s 62.69 32.95 0.03 0.01 4.32
5s to 5.5s 75.59 20.60 0.05 0.02 3.75
5.5s to 6s 85.45 11.48 0.06 0.02 2.98

Table 4 Probabilities of correct identification PCI , missed detection PMD as well as the over-identifications Pover+ and Pover− for
one outlier in observation 2, a = 0.001

Outlier magnitude interval PCI % PMD % Pover+% Pover− % PWE %

3s to 3.5s 9.91 86.69 0.00 0.00 3.40
3.5s to 4s 16.27 79.43 0.00 0.01 4.29
4s to 4.5s 25.06 69.92 0.00 0.00 5.01
4.5s to 5s 35.69 58.65 0.01 0.01 5.65
5s to 5.5s 47.39 46.68 0.01 0.01 5.90
5.5s to 6s 59.42 34.73 0.03 0.01 5.81
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onwards. Based on equation (17), we found that the corre-
lations between the statistics of observations 1, 4, and 6
have the same order of r = 0.3289, whereas observations
2, 3, and 5 have the same value of r = 0.5. Therefore, as
expected, the behaviour of type III error is associated
with the correlation coefficient. This example shows how
to compute MIB for the IDS case based on the MC.
Obviously, MIB should be computed for a given prob-
ability of correct identification and significance level.

Improving the statistical power of Baarda’s
outlier test by the Monte Carlo method
Baarda’s test statistics, e.g. (4) or (10), have the property of
being uniformly most powerful invariant (UMPI). Leh-
mann and Voß-Böhme (2017) showed that within the
small class of test statistics having a common central or
non-central chi squared distribution, they are even uni-
formly most powerful. This means that their optimality
is restricted to only a small class of test statistics. Outside
this class there might be a cosmos of (in some sense) more
powerful tests.
Lehmann and Voß-Böhme (2017) proved the existence

of such a test in the larger class of so-called generalised chi
squared distributions. They also proposed a method to
construct the corresponding test statistic:
(1) Starting with an initial guess of such a test statistic,
which is governed by n× (n+ 1)/2 parameters, the MC
is used to compute the statistical power of the corre-
sponding test.
(2) Those parameters are modified is such a way that
the power is increasing, until an optimum is reached,
i.e. (1) is embedded in an optimisation procedure.
Until now, four obstacles prevent the practical appli-

cation of this method:
(1) By Monte Carlo integration we need to evaluate an
n× (n+ 1)/2-dimensional integral, which is numeri-
cally very costly.
(2) The function to be optimised in (2) is highly non-
linear and has n× (n+ 1)/2 dimensions, which requires
a time-consuming iterative process.
(3) Unlike Baarda’s test in the class of chi squared test
statistics, any optimal test statistic in the class of gener-
alised chi squared test statistics is in general not uniform.
This means that the optimal solution generally depends
on the unknown true values of the parameters ∇i.
(4) Each test requires the construction of a new optimal
test statistic.
These obstacles seem to be practically insurmountable.

Therefore, Lehmann and Voß-Böhme (2017) do not really
propose a ‘new outlier detection method’, but at least
show that in principle Baarda’s test can be outperformed.

Table 5 Probabilities of correct identification PCI , missed detection PMD as well as the over-identifications Pover+ and Pover− for
one outlier in observation 3, a = 0.001

Outlier magnitude interval PCI % PMD % Pover+% Pover− % PWE %

3s to 3.5s 9.83 86.84 0.00 0.00 3.33
3.5s to 4s 16.57 79.21 0.00 0.00 4.21
4s to 4.5s 25.11 69.69 0.01 0.01 5.19
4.5s to 5s 35.47 58.87 0.01 0.01 5.65
5s to 5.5s 47.55 46.49 0.01 0.01 5.94
5.5s to 6s 59.46 34.75 0.02 0.01 5.75

Table 6 Probabilities of correct identification PCI , missed
detection PMD as well as the over-identifications
Pover+ and Pover− for one outlier in observation 4,
a = 0.001

Outlier
magnitude
interval PCI % PMD %

Pover+.
%

Pover−
% PWE %

3s to 3.5s 21.04 75.32 0.01 0.00 3.63
3.5s to 4s 33.59 62.13 0.01 0.01 4.25
4s to 4.5s 48.01 47.47 0.02 0.01 4.49
4.5s to 5s 62.79 32.81 03 0.01 4.36
5s. to 5.5s 75.63 20.53 0.06 0.01 3.77
5.5s to 6s 85.46 11.42 0.06 0.02 3.04

Table 7 Probabilities of correct identification PCI , missed
detection PMD as well as the over-identifications
Pover+ and Pover− for one outlier in observation 5,
a = 0.001

Outlier
magnitude
interval PCI % Pover+%

Pover−
% PWE %

3s to 3.5s 9.82 86.81 00 0.00 3.36
3.5s to 4s 16.30 79.51 0.00 0.00 4.19
4s to 4.5s 25.06 69.97 0.01 0.00 4.96
4.5s to 5s 35.60 58.83 0.01 0.01 5.55
5s to 5.5s 47.45 46.56 0.02 0.01 5.96
5.5s to 6s 59.32 34.79 0.03 0.01 5.84

Table 8 Probabilities of correct identification PCI , missed detection PMD as well as the over-identifications Pover+ and Pover− for
one outlier in observation 6, a = 0.001

Outlier magnitude interval PCI % PMD % Pover+% Pover− % PWE %

3s to 3.5s 21.00 75.39 0.01 0.00 3.60
3.5s to 4s 33.74 62.11 0.01 0.01 4.14
4s to 4.5s 48.11 47.38 0.02 0.01 4.48
4.5s to 5s 62.76 32.87 0.03 0.01 4.31
5s to 5.5s 75.56 20.56 0.04 0.02 3.82
5.5s to 6s 85.47 11.44 0.06 0.02 3.02
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Final remarks
In this study, we provided an overview of the latest
advances in the reliability theory for geodesy. We have
shown that over the course of 50 years, several scientific
concepts have been developed according to Baarda’s
initial ideas. Furthermore, we analysed the pioneering
work of Baarda and the recent studies on the subject.
Then, we pointed out new possibilities and perspectives
on the issue, with a particular emphasis on the Monte
Carlo integration.
We highlighted that Monte Carlo method is a primary

tool for deriving solutions to complex (or analytically
intractable) problems. Here, two problemswere presented.
First, how can we find the optimal number of Monte
Carlo experiments for quality control purpose? We used
the closed form of MDB given by Baarda (1968) to
answer that question. We showed that the number of
experiments of 200,000 could provide consistent results
with sufficient numerical precision for outlier identifi-
cation. However, it is important to mention that if compu-
tation time is a goal, one should employ adaptative
techniques, such as the adaptive importance sampling
algorithm.
Second, how do we obtain the probability levels of the

IDS procedure? In this study, we used the Monte Carlo
method as a key tool for studying the IDS procedure.
We highlighted that, in contrast to the well-defined the-
ories of reliability, the IDS procedure is a heuristic
method, and therefore, there is no theoretical reliability
measure for it. Hence, an analytical model with tractable
solution is unknown, and therefore, one needs to resort to
MC. Based on the work by Rofatto et al. (2017), we
showed how to find the probability levels associated
with IDS and how to obtain its MIB for each observation
by means of the Monte Carlo method for a given correct
identification probability and significance level.
Despite the countless contributions made over the last

50 years, there is continuing research on the topic,
which paves the way for further investigations. In addition
to the Monte Carlo, new tools have become available,
such as genetic algorithms (Alma et al. 2011), swarm
intelligence (Ye and Chen 2008), simulated annealing
(Weisberg and Atkinson 1991), fuzzy approaches (Yousri
et al. 2007), and metaheuristic algorithms (Koch et al.
2017), to handle datasets contaminated by outliers.
Their potential for outlier treatment is not yet fully
exploited in geodesy.
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